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PREFACE TO THE SECOND EDITION 


The objective of Dynamical Analogies is to present the significant 
aspects of the subject within the framework of the existing state of this 
rapidly expanding science. 

The first edition of this book, published in 1942, covered the subject 
matter of classical dynamical analogies among electrical, mechanical 
rectilineal, mechanical rotational and acoustical systems. The funda- 
mental aspects of this area of engineering have not changed since that 
time. However, the subject matter of analogies has been extended into 
other related fields. In view of this expansion, a chapter on the mag- 
netic analogy has been added, as well as two chapters on analogies in 
the fields of noise, distortion and feedback. 

The mobility analogy has been found to be useful in engineering, par- 
ticularly in the solution of mechanical rectilineal systems, because of the 
similarity between the diagrams in the mechanical and electrical sys- 
tems. As a result, an enlarged chapter on the subject of the mobility 
analogy has been furnished to make the book complete. 

Chapter I on “Introduction and Definitions” has been revised in the 
light of the new material contained in this edition. Chapter XI on 
“Applications” has been increased in scope. 

The author wishes to express his appreciation to Miss Patricia Durnan 
for her work in typing the manuscript. 


August, 1958 


Harry F. Olson 



PREFACE TO THE FIRST EDITION 


Analogies are useful for analysis in unexplored fields Byr means of 
analogies an unfamiliar system may be compared with one that is better 
known The relations and actions are more easily visualized, the mathe 
matics more readily applied and the analytical solutions more readily 
obtained in the familiar system 

Although not generally so considered the electrical circuit is the most 
common and widely exploited vibrating system By means of analogies 
the knowledge in electrical arcoits may be appl ed to the solution of 
problems in mechanical and acoustical systems In this procedure the 
mechanical or acoustical vibrating system is converted into the analogous 
electrical circuit The problem is then reduced to the simple solution of 
an electrical circuit This method has been used by acoustical engineers 
for the past twenty years in the development of all types of electro- 
acoustic transducers Mechanical engineers have begun to use the same 
procedure for analyzing the action of mechanisms 
The importance and value of dynamical analogies to any one con 
cerned with vibrating systems have led to a demand for expositions on 
this branch of dynamics Accordingly this book has been written with 
the object of presenting the principles of dynamical analogies to the 
engineer 

This book deals with the analogies between electrical, mechanical 
rectilineal, mechanical rotational and acoustical systems The subject 
matter is developed in stages from the simple element through to com 
plex arrangements of multielement systems As an aid jn the establish 
ment of these analogies a complete theme is depicted in each illustration 
The text assumes on the part of the reader a familiarity with the ele 
ments of alternating circuit theory and physics 
The author wishes to express his gratitude to his wife, Lorenc E Olson, 
for compilation and assistance in preparation and correction of the 
manusenpt 

The author wishes to acknowledge the interest given by Mr E W 
Engstrom, Research Director, in this project 

Harry F Olson 


Jaxdaiy, 1943 
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CHAPTER I 

INTRODUCTION AND DEFINITIONS 
1.1. Introduction 

A dynamical system is a system involving the motion of bodies and 
the action of forces in producing or changing the motion of the bodies. 
Dynamical systems may be classified as mechanicalj electrical, acous- 
tical, magnetic and electronic types that are found separately and in 
combinations. These various types of dynamical systems are incor- 
porated in machines of all kinds for all manner of applications. For 
example, transportation, power, communication, education, agriculture, 
manufacturing, merchandising, business, clothing and housing all in- 
volve to a major extent the many and varied forms of dynamical systems. , 
Thus it will be seen that dynamical systems embrace almost every facet 
of modern civilization. 

The research, development, design, production and use of dynamical 
systems require an intimate knowledge of the theory, operation and 
application of machines employing dynamical systems. Analysis de- 
scribing the performance of dynamical systems can be facilitated and 
implemented by employing the application of analogies. An analogy 
is a recognized relationship of consistent mutual similarity between the 
equations and structures appearing in two or more fields of knowledge, 
and an identification and association of the quantities and structural 
elements which play mutually similar roles in these equations or struc- 
tures for the purpose of facilitating transfer of knowledge of mathe- 
matical or other procedures of analysis and behavior of the structure 
between these fields. Analogies are useful when it is desired to compare 
an unfamiliar system with one that is better known. The relations and 
actions are more easily visualized, the mathematics more readily applied 
and the analytical solutions more readily obtained in the familiar system. 
Analogies make it possible to extend the line of reasoning into unex- 
plored fields. 


1 



2 INTRODUCTION AND DEFINITIONS 

The term dynamical analogies has been applied to the analysis of 
dynamical systems by the use of analogies Specifically, dynamical 
analogies establish the analogies between electrical, mechanical, acous 
tical, magnetic and electronic systems 

A large part of engineering analysis is concerned with dynamical 
systems Although not generally so considered, the electrical circuit is 
the most common example and the most widely exploited dynamical 
system The equations of electrical circuit theory may be based on 
Maxwell's dynamical theory, in which the currents play the role of 
velocities Expressions for kinetic energy, potential energy and dissi- 
pation show that network equations are deducible from general dynamic 
equations In other words, an electrical circuit may be considered to 
be a dynamical system This immediately suggests analogies between 
electrical circuits and other dynamical systems, as for example, mechan 
ical and acoustical dynamical systems 

The equations of motion of mechanical systems were developed a long 
time before any attention was given to equations for electrical circuits 
For this reason, in the early days of electrical circuit theory, it was nat- 
ural to explain the action m terms of mechanical phenomena However, 
at the present time electrical circuit theory has been developed to a 
much higher state than the corresponding theory of mechanical sys- 
tems The number of engineers and scientists versed m electrical 
circuit theory is many times the number equally familiar with mechanical 
systems 

Almost any work involving mechanical or acoustical systems also 
includes electrical systems and electrical circuit theory The acoustical 
engineer is interested m sound reproduction or the conversion of electrical 
or mechanical energy into acoustical energy, the development of vibrat 
ing systems and the control of sound vibrations This mt olves acousti- 
cal, electroacoustical, mechanoacoustical or electromechanoacoustical 
systems The mechanical engineer is interested m the development of 
various mechanisms or vibrating systems involving masses, springs and 
friction 

Electrical circuit theory is the branch of electromagnetic theory which 
deals with electrical oscillations in linear electrical networks ^ An elec- 

’ The use of the terms "circuit ’ and "network” m the literature is not estab 
lished The term “circuit is often used to designate a network with several 
branches. 
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trical network is a connected set of separate circuits termed branches or 
meshes. A circuit may be defined as a physical entity in which varying 
magnitudes may be specified in terms of time and a single dimension.^ 
The branches or meshes are composed of elements, the constituent parts 
of a circuit. Electrical elements are resistance, inductance and capaci- 
tance. Vibrations in one dimension occur in mechanical systems made 
up of mechanical elements, as for example, various assemblies of masses, 
springs and brakes. Acoustical systems in which the dimensions are 
small compared to the wavelength are vibrations in a single dimension. 

The number of independent variables required to completely specify 
the motion of every part of a vibrating system is a measure of the num- 
ber of degrees of freedom of the system. If only a single variable is 
needed the system is said to have a single degree of freedom. In an 
electrical circuit the number of degrees of freedom is equal to the number 
of independent closed meshes or circuits. 

The use of complex notation has been applied extensively to electrical 
circuits. Of course, this operational method can be applied to any 
analytically similar system. 

Mathematically the elements in an electrical network are the coeffi- 
cients in the differential equations describing the network. When the 
electric circuit theory is based upon Maxwell’s dynamics, the network 
forms a dynamical system in which the currents play the role of veloci- 
ties. In the same way the coefficients in the differential equations of 
a mechanical or acoustical system may be looked upon as mechanical or 
acoustical elements. Kirchhoff’s electromotive force law plays the same 
role in setting up the electrical equations as D’Alembert’s principle does 
in setting up the mechanical and acoustical equations. That is to say, 
every electrical, mechanical or acoustical system may be considered 
as a combination of electrical, mechanical or acoustical elements. 
Therefore, any mechanical or acoustical system may be reduced to an 
electrical network and the problem may be solved by electrical circuit 
theory. 

In view of the tremendous amount of study which has been directed 
towards the solution of circuits, particularly electrical circuits, and the 
engineer’s familiarity with electrical circuits, it is logical to apply this 


The term “single dimension” implies that the movement or variation occurs 
along a path. In a field problem there is variation in two or three dimensions. 



4 INTRODUCTION AND DEFINITIONS 

knowledge to the solution of vibration problems m other fields by the 
same theory as that used m the solution of electrical circuits 
In this book, the author has attempted to outline the essentials of 
dynamical analogies from the standpoint of the engineer or applied 
saentist Differential equations are used to show the basis for the 
analogies between electrical, mechanical and acoustical systems How 
ever, the text has been written and illustrated so that the derivations 
may be taken for granted The pnnapal objective in this book is the 
establishment of analogies between electrical, mechanical and acoustical 
systems so that any one familiar with electrical circuits will be able to 
analyze the action of vibrating systems 
The classical impedance analogies which will be presented in this 
book are formal ones due to the similarity of the differential equations 
of electrical, mechanical and acoustical systems This does not imply 
that there is any physical similarity between quantities occupying the 
same position in their respective equations Therefore, the impedance 
analogies are not the only ones possible of development for useful 
applications of dynamical analogies For example, m the past, mechan 
ical impedance has been defined by some authors — in addition to that 
as the ratio of force to velocity as will be developed m this book— as 
the ratio of pressure to velocity, the ratio of force to displacement and 
the ratio of pressure to displacement In this connection a useful 
analogy, termed the mchUty analogy, has been employed on a wide 
scale to solve problems m mechanical vibrating systems In the mo- 
bility analogy, mechanical mobility is defined as the complex ratio of 
velocity to force The mobility analogy will be considered in Chapter 14 

1 2 Defimtioos 

A few of the terms * used m dynamical analogies ivill be defined in 
this section Terms not listed below will be defined in subsequent 
sections 

PertoJtc Quantity An oscillating quantity, the values of which recur 
for equal increments of the independent variable If a periodic quantity 
-rs -a "iA n, 'AtWi y Vna \W-prupa \7 iV/aV y — ■=■ y^y. -V- T'}, 

where T, a constant, is a period of y The smallest positive value of T 

’ Approximately one half of the definitions in this chapter are taken from the 
American Standards Association standards The remainder, which have not 
been defined at this time by any standards group, ace written to conform with 
the analogous existing standards 
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is the primitive period of generally called simply the period of y. In 
general a periodic function can be expanded into a series of the form. 

y = y(^) r= ^0 + -^1 sin + ai) + sin (2wa; + aj) + • • -j 

where w, a positive constant, equals 2 ir divided by the period T, and the 
A'% and a’s are constants which may be positive, negative, or zero. This " 
is called a Fourier series. 

Cycle. One complete set of the recurrent values of a periodic quantity. 

Period. The time required for one cycle of a periodic quantity. The 
unit is the second. 

Frequency. The number of cycles occurring per unit of time, or which 
would occur per unit of time if all subsequent cycles were identical with 
the cycle under consideration. The frequency is the reciprocal of the 
period. The unit is the cycle per second. 

Octave. The interval between two frequencies having a ratio of two 
to one. 

Fundamental Frequency. The lowest component frequency of a 
periodic quantity. 

Harmonic. A component of a periodic quantity which is an integral 
multiple of the fundamental frequency. For example, a component 
the frequency of which is twice the fundamental frequency is called 
the second harmonic. 

Basic Frequency. The frequency of a periodic quantity which is 
considered to be the most important. In a driven system it would in 
general be the driving frequency while in most periodic waves it would 
correspond to the fundamental frequency. 

Subharmonic. A component of a periodic quantity having a frequency 
which is an integral submultiple of the basic frequency, note: The 
term “subharmonic” is generally applied in the case of a driven system 
whose vibration has frequency components of lower frequency than the 
driving frequency. 

Wave. A propagated disturbance, usually a periodic quantity in 
an electrical, mechanical or acoustical system. 

W avelength of a periodic wave in an isotropic medium is the perpen- 
dicular distance between two wave fronts in which the displacements 
have a phase difference of one complete cycle. 

Response of a system, machine or transducer is the motion or other 
output resulting from the excitation or stimulus. 
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Excitation or Stimulus An octemal force or other input applied to 
a system, machme or transducer which causes the system, machine or 
transducer to respond m some way 
Displacement A vector quantity which specifies the change of 
position of a body or particle, and is usually measured from the mean 
position or position of rest The unit is the centimeter 
Velocity A vector quantity which specifics the time rate of change 
of displacement with respect to a reference frame The unit is the 
centimeter per second 

Acceleration A vector quantity which specifies the time rate of 
change of velocity The unit is the centimeter per second per second 
Vibration The variation with time of the magnitude of a quantity, 
generally a parameter which defines the motion of a dynamical system, 
with respect to some reference when the magnitude is alternately 
greater and smaller than the reference 
Steady State Vibration exists in a system if the velocity of each particle 
is a periodic quantity 

Angular Frequency of a periodic quantity, in radians per unit of time, 
is the frequency multiplied by 2ir 
Damping The dissipation of energy m an oscillating system 
ZUctromotioe Force around a closed path is the work required to carry 
a small positive charge around that path divided by the charge The 
electromotive force is in abvolts, the work in ergs, and the charge in 
abcoulombs 

Abvolt The unit of electromotive force 

Instantaneous Electromotive Force between two points is the total 
instantaneous electromotive force The unit is the abvolt 
Effective Electromotive Force The root mean square of the instan- 
taneous electromotive force over a complete cycle between two points 
The unit is the abvolt 

Maximum Electromotive Force The maximum absolute value of the 
instantaneous electromotive force dunng that cycle The unit is the 
abvolt 

E)eOTomot{ve Force for any speafied time mtervai is t’ne maximum 
absolute value of the instantaneous electromotive force during that 
interval The unit is the abvolt 

Momentum of a particle or body is the product of its mass and velocity 
The unit is the gram centimeter per second 



DEFINITIONS 


7 


Force. The interaction between systems which has vector character- 
istics and a magnitude which can be measured by the acceleration which 
the force gives to a defined mass. The force acting upon a particle or 
a body is assumed as the cause of the acceleration of the particle or body. 
Force is the vector function, which, in magnitude and direction, equals 
the time rate of change of momentum of the particle or body. The unit 
is the dyne. 

Dyne. The unit of force or mechanomotive force. 

Instantaneous Force {Instantaneous Mechanomotive Force) at a point 
is the total instantaneous force. The unit is the dyne. 

Effective Force {Effective Mechanomotive Force). The root mean square 
of the instantaneous force over a complete cycle. The unit is the dyne. 

Maximum Force {Maximum Mechanomotive Force). The maximum 
absolute value of the instantaneous force during that cycle. The unit 
is the dyne. 

Feak Force {Peak Mechanomotive Force) for any specified interval is 
the maximum absolute value of the instantaneous force during that 
interval. The unit is the dyne. 

Angular Momentum of a particle or body is the total moment of 
momentum of a particle or body with respect to some origin of co- 
ordinates. The unit is in dyne (centimeter)^ per second. 

Torque {Moment of Force) acting upon a particle or body is assumed 
as the cause of the angular acceleration of the particle or body. Torque 
equals the time rate of change of angular momentum of a particle or 
body. The unit is the dyne centimeter. 

Dyne Centimeter. The unit of torque or rotatomotive force. 

Instantaneous Torque {Instantaneous Rotatomotive Force) at a point is 
the total instantaneous torque. The unit is the dyne centimeter. 

Effective Torque {Effective Rotatomotive Force). The root mean square 
of the instantaneous torque over a complete cycle. The unit is the dyne 
centimeter. 

Maximum Torque {Maximum Rotatomotive Force). The maximum 
absolute value of the instantaneous torque during that cycle. The unit 
is the dyne centimeter. 

Peak Torque {Peak Rotatomotive Force) for a specified interval is the 
maximum absolute value of the instantaneous torque during that interval. 
The unit is the dyne centimeter. 

Pressure at a point in the medium is the force exerted over a surface 
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divided by the area of the surface in the specified region The unit is 
the dyne per square centimeter 

Sound Pressure An alteration in the pressure m an elastic medium 
The unit is the dyne per square centimeter 
Dyne per Square Centimeter The unit of sound pressure 
Static Pressure The pressure that would exist in a medium with no 
sound waves present The unit is the dyne per square centimeter 
Instantaneous Sound Pressure {Instantaneous Aeoustomotive Force) at 
a point IS the total instantaneous pressure at the point minus the static 
pressure The unit is the dyne per square centimeter 
Effectne Sound Pressure {EffecUte Acoustomotue Force) at a point is 
the root mean square value of the instantaneous sound pressure over a 
complete cycle at the point The unit is the dyne per square centimeter 
Maximum Sound Pressure {Maximum AcoustomoUve Force) for any 
given cycle is the maximum absolute value of the instantaneous sound 
pressure during that cycle The unit is the dyne per square centimeter 
Peak Sound Pressure {Peak Acoustomosm Force) for any specified 
time interval is the maximum absolute value of the instantaneous sound 
pressure m that interval The unit is the dyne per square centi 
meter 

Current The rate of flow of positive electrical charges One abam 
pere transports one abcoulomb of charge per second The unit is the 
abampere 

Abampere The unit of current 

Instantaneous Current at a point is the total instantaneous current 
at that point The unit is the abampere 
Effective Current at a point is the root mean square value of the in 
stantaneous current over a complete cycle at that point The unit is 
the abampere 

Maximum Current for any given cycle is the maximum absolute 
value of the instantaneous current during that cycle The unit is the 
abampere 

Peak Current for any specified time interval is the maximum absolute 
value of the instantaneous current m that interval The unit is the 
abampere 

Velocity of a point is the time rate of change of a position vector of 
that point with respect to the ineraal frame The unit is the centimeter 
per second 
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Centimeter per Second. The unit of velocity. 

Instantaneous Velocity at a point is the total instantaneous velocity 
at that point. The unit is the centimeter per second. 

Effective Velocity at a point is the root mean square value of the in- 
stantaneous velocity over a complete cycle at that point. The unit is 
the centimeter per second. 

Maximum Velocity for any given cycle is the maximum absolute value 
of the instantaneous velocity during that cycle. The unit is the centi- 
meter per second. 

Peak Velocity for any specified time interval is the maximum absolute 
value of the instantaneous velocity in that interval. The unit is the 
centimeter per second. 

Angular Velocity of a plane is the time rate of change of the angular 
position vector of that plane with respect to the inertial frame. The 
unit is the radian per second. 

Radian per Second. The unit of angular velocity. 

Instantaneous Angular Velocity at a point is the total instantaneous 
angular velocity at that point. The unit is the radian per second. 

Effective Angular Velocity at a point is the root mean square value 
of the instantaneous angular velocity over a complete cycle at the point. 
The unit is the radian per second. 

Maximum Angular Velocity for any given cycle is the maximum 
absolute value of the instantaneous angular velocity during that cycle. 
The unit is the radian per second. 

Peak Angular Velocity for any specified time interval is the maximum 
absolute value of the instantaneous angular velocity in that interval. 
The unit is the radian per second. 

Volume Current {Volume Velocity). The rate of flow of the medium 
through a specific area. The unit is the cubic centimeter per second. 

Cubic Centimeter per Second. The unit of volume current. 

Instantaneous V olume Current Vit a point is the total instantaneous vol- 
ume current at that point. The unit is the cubic centimeter per second. 

Effective V olume Current at a point is the root mean square value of 
the instantaneous volume current over a complete cycle at that point. 
The unit is the cubic centimeter per second. 

Maximum Volume Current for any given cycle is the maximum 
absolute value of the instantaneous volume current during that cycle. 
The unit is the cubic centimeter per second. 
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Peak Volume Current /or any speafied time interval is the maximum 
absolute value of the instantaneous volume current in that interval 
The unit is the cubic centimeter per second 

Electrical Impedance The complex quotient of the alternating elec- 
tromotive force applied to the system by the resulting current The 
unit IS the abohm 

Electrical Abohm An electrical resistance, reactance or impedance is 
said to have a magnitude of one abohm when an electromotive force 
of one abvolt produces a current of one abampere 

Electrical Resistance Thereat part of the electrical impedance This 
IS the part responsible for the dissipation of energy The unit is the 
abohm 

Electrical Reactance The imaginary part of the electrical impedance 
The unit is the abohm 

Inductance in an electrical system is that coefficient which, when 
multiplied by 2ir times the frequency, gives the positive imaginary part 
of the electrical impedance The unit is the abhenry 

Electrical Capacitance m an electrical system is that coefficient which, 
when multiplied by 2ir times the frequency, is the reciprocal of the 
negative imaginary part of the electrical impedance The unit is the 
abfarad 

Mechanical Rectilineal Impedance^ (Mechanical Impedance) The 
complex quotient of the alternating force applied to the system by the 
resulting linear velocity in the direction of the force at its point of appli- 
cation The unit is the mechanical ohm 

Mechanical Ohm A mechanical rectilineal resistance, reactance or 
impedance is said to have a magnitude of one mechanical ohm when a 
force of one dyne produces a velocity of one centimeter per second 

Mechanical Rectilineal Resistance (Mechanical Resistance) The real 
part of the mechanical rectilineal impedance This is the part respon- 
sible for the dissipation of energy The unit is the mechanical ohm 

^ The word ‘ mechanical u ordinanly used as a modifier to designate a 
mechanical system with rectilineal displacements and the word rotational is 
ordinarily used as a modifier to designate a mechanical system with rotational 
displacements To avoid ambiguity in this book, where noth systems are con 
sidered concurrent!), the »ords ' mechanical rectilineal ’ are used as modifiers 
to designate a mechanical system with rectilineal displacements and the words 
“mechanical rotational are used as modifiers to designate a mechanical system 
with rotational displacements 
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Mechanical Rectilineal Reactance {Mechanical Reactance). The imag- 
inary part of the mechanical rectilineal impedance. The unit is the 
mechanical ohm. 

Mass in a mechanical system is that coefficient which, when multiplied 
by 2ir times the frequency, gives the positive imaginary part of the 
mechanical rectilineal impedance. The unit is the gram. 

Compliance in a mechanical system is that coefficient which, when 
multiplied by 27 r times the frequency, is the reciprocal of the negative 
imaginary part of the mechanical rectilineal impedance. The unit is 
the centimeter per dyne. 

Mechanical Rotational Impedance ® {Rotational Impedance). The com- 
plex quotient of the alternating torque applied to the system by the 
resulting angular velocity in the direction of the torque at its point of 
application. The unit is the rotational ohm. 

Rotational Ohm. A mechanical rotational resistance, reactance or 
impedance is said to have a magnitude of one rotational ohm when a 
torque of one dyne centimeter produces an angular velocity of one radian 
per second. 

Mechanical Rotational Resistance {Rotational Resistance). The real 
part of the mechanical rotational impedance. This is the part respon- 
sible for the dissipation of energy. The unit is the rotational ohm. 

Mechanical Rotational Reactance {Rotational Reactance). The imag- 
inary part of the mechanical rotational impedance. The unit is the 
rotational ohm. 

Moment of Inertia in a mechanical rotational system is that coefficient 
which, when multiplied by 2ir times the frequency, gives the positive 
imaginary part of the mechanical rotational impedance. The unit is 
the gram centimeter to the second power. 

Rotational Compliance in a mechanical rotational system is that coef- 
ficient which, when multiplied by 2ir times the frequency, is the recipro- 
cal of the negative imaginary part of the mechanical rotational imped- 
ance. The unit is the radian per centimeter per dyne. 

Acoustical Impedance. The complex quotient of the pressure applied 
to the system by the resulting volume current. The unit is the acoustical 
ohm. 


® See footnote 4, page 10. 
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Acoustical Ohm An acoustical resistance, reactance or impedance is 
said to have a magnitude of one aonistical ohm when a pressure of one 
dyne per square centimeter produces a volume current of one cubic 
centimeter per second 

Acoustical Resistance The real part of the acoustical impedance 
This IS the part responsible for the dissipation of energy The unit is 
the acoustical ohm 

Acoustical Reactance The imaginary part of the acoustical imped 
ance The unit is the acoustical ohm 

Ineriance in an acoustical system is that coefficient which, when 
multiplied by 2ir times the frequency, gives the positive imaginary part 
of the acoustical impedance The unit is the gram per centimeter to 
the fourth power 

Acoustical Capacitance (^Acoustical Compliance) in an acoustical sys 
tern IS that coefficient which, when multiplied by 2ir times the frequency, 
IS the reciprocal negative imaginary part of the acoustical impedance 
The unit is the centimeter to the fifth power per dyne 

Element * or Circuit Parameter m an electrical system defines a distinct 
activity in its part of the circuit In the same way, an element in a 
mechanical rectilineal, mechanical rotational or acoustical system de 
fines a distinct activity m its part of the system The elements in an 
electrical circuit are electrical resistance, inductance and electrical 
capacitance The elements m a mechanical rectilineal system are 
mechanical rectilineal resistance, mass and compliance The elements 
in a mechanical rotational system are mechanical rotational resistance, 
moment of inertia, and rotational compliance The elements in an 
acoustical system are acoustical resistance, inertance and acoustical 
capacitance 

System An assemblage of elements united by some form of regular 
interaction or interdependence 

Electrical System A system adapted for the transmission of electrical 
currents consisting of one or all of the electrical elements electrical 
resistance, inductance and electrical capacitance 

Sy'/f>f-ve .4 sjstsua sdaptsdi For the trsoscoissioo 
of vibrations consisting of one or all of the following mechanical rectilin 
eal elements mechanical rectilineal resistance, mass and compliance 

' Elements are defined and desenbed in Chapter 11 
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Mechanical Rotational System. A system adapted for the transmission 
of rotational vibrations consisting of one or all of the following mechan- 
ical rotational elements: mechanical rotational resistance, moment of 
inertia and rotational compliance. 

Acoustical Syste?n. A system adapted for the transmission of sound 
consisting of one or all of the following acoustical elements: acoustical 
resistance, inertance and acoustical capacitance. 

Work. The accomplishment of a change in the complexion of a 
system against an opposing force. Work is the transference of energy 
by some process. The unit is the erg. 

Power. The rate of transfer of energy. Power is the rate of doing 
work. The unit is the dyne centimeter per second. 

Energy. The capacity for performing work. Energy is stored work. 
The unit is the dyne centimeter. 

Kinetic Energy of a system is due to motion of a part or parts of the 
system with reference to other parts. The unit is the dyne centimeter. 
See Sect. 3.3. 

Potential Energy of a system is due to stresses between different parts 
of the system. The unit is the dyne centimeter. See Sect. 3.3. 

Transducer. A device actuated by power from one system and supply- 
ing power in the same or any other form to a second system. Either 
of these systems may be electrical, mechanical or acoustical. 

Machine. A system consisting of two or more resistant, relatively- 
constrained parts, which may serve to transmit and modify force and 
motion so as to do some desired kind of work, and a complex combina- 
tion of such parts. 

Transmission System. A system which transmits power, voltage, 
current, force, velocity, torque, angular velocity, pressure or volume 
current. 

Transmission in a system refers to the transmission of power, voltage, 
current, force, velocity, torque, angular velocity, pressure or volume 
current. 

Signal. A piece of intelligence, message, wave or effect conveyed in 
a transmission system. 

Passive System, Machine or Transducer. A system, machine or 
transducer in which all the power delivered to the load is obtained from 
the power accepted by the system, machine or transducer from the 
source. 
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ActKt System, Machine or Transducer A system, machine or trans- 
ducer in which the power delivered to the load is dependent upon sources 
of power, apart from the power supplied by the source to the system, 
machine or transducer 

Reversible System, Machine or Transducer A system, machine or 
transducer in which the loss in the system, machine or transducer is 
independent of the direction of transmission 

Unilateral System, Machine or Transducer A system, machine or 
transducer which cannot be actuated at its outputs by signals in such 
a manner as to supply related signals at its inputs 
Nonlinear System A system in which the elastic forces are not linear 
functions of displacement and/or the damping forces are not linear 
functions of velocity 

Degrees of Freedom The number of degrees of freedom of a vibrating 
system is equal to the minimum number of coordinates required to 
describe the configuration of the system at any time 
Notse Any erratic, intermittent or statistically random oscillation 
Random Notse A fluctuating quantity whose instantaneous ampli 
tudes occur, as a function of time, according to a normal distribution 
JFhtte Notse A fluctuating quantity having a continuous and uni 
form distribution of squared amplitude over a specified frequency band 
Distortion A change m wave form Noise and certain desired changes 
in wave form such as those resulting from modulation or detection are 
not usually classed as distortion 

Overload A condition of unsatisfactory operation of a system due 
to an excess beyond a proper load 

Level of a quantity is the logarithm of the ratio of that quantity to 
a reference quantity of the same kind The level may be expressed 
symbolically as 

L = log, — 

?o 

where L ** level of kind determined by the kind of quantity under 
consideration, 
r base of logarithm, 

= a quantity under consideration and 
go * reference quantity 
Signal Level The level of the signal 
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Noise Level. The level of noise. The type of noise must be indicated 
by a further modifier. 

Overload Level of a machine, transducer, component, element or 
system is that level at which operation ceases to be satisfactory as a 
result of distortion in the output, overheating and so forth. 

Transmission Loss {or Gain). The transmission loss due to a system 
joining a load having a given electrical, mechanical rectilineal, mechani- 
cal rotational or acoustical impedance and a source having a given 
electrical, mechanical rectilineal, mechanical rotational or acoustical 
impedance and a given electromotive force, force, torque or pressure is 
expressed by the logarithm of the ratio of the power delivered to the load 
to the power delivered to the load under some reference condition. For 
a loss the reference power is greater. For a gain the reference power is 
smaller. 

Decibel. The abbreviation db is used for the decibel. The bel is the 
fundamental division of a logarithmic scale expressing the ratio of two 
amounts of power, the number of bels denoting such a ratio being the 
logarithm to the base ten of this ratio. The decibel is one-tenth of a bel. 
For example, with Pi and Pg designating two amounts of power and » 
the number of decibels denoting their ratio 


« = 10 log 



, decibels 


When the conditions are such that ratios of voltages or ratios of currents 
(or analogous quantities such as forces or velocities, torques or angular 
velocities, pressures or volume currents) are the square roots of the 
corresponding power ratios, the number of decibels by which the corre- 
sponding powers differ is expressed by the following formulas: 


K = 20 logio — , decibels 
/2 


« = 20 logio ~ > decibels 

where fi/r 2 and ^ 1/^2 are the given current and voltage ratios respec- 
tively. 

Tower Level Gain. The amount by which the output power level in 
decibels exceeds the input power. 
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Rate of Decay The time rate at which the level (power, voltage, 
pressure, force and so forth) is decreasing at a given point and at a 
given time The rate is the decibel per second 

Relaxation Time The time taken by an exponentially decaying os- 
cillation to decrease in amplitude by a factor of l/« = 0 3679 

La^ange s Equations A set of equations of motion for a dynamical 
system For a conservative system the equation of motion for the «th 
particle is 

d bT bT 

« 0 

dt bq^ bqn 

where T is the Lagrangian function or kinetic potential, q„ is the gen- 
eralized coordinate of the nth particle (« ** 1, 2, 3 n, where « is 
the number of degrees of freedom of the system), is the generalized 
velocity of the nth particle Sec Sect 4 6 

Nev^ton's Laws The dynamics of particles located m an inertial 
frame of reference is governed by Newton’s three laws of motion as 
follows 

1 A particle, not under the action of a force, will maintain its velocity 
unchanged m magnitude and direction 

2 A force acting on a particle causes a change of momentum of the 
particle, the rate of change of momentum being vectonally equal to 
the force 

3 If one particle exerts a force on a second, then the second exerts 
a force, equal in magnitude but opposite m direction, on the first 

D Alembert's Principle The algebraic sum of the forces applied to 
a particle are zero Sec Sect 3 8 

Conservation of Momentum If the total force acting upon a particle 
IS zero, the momentum of the particle is a constant 

Conservation of Energy If the total force acting upon a particle is 
conservative, the sum of the kinetic and potential energies is a constant 

Faraday’s Lajo of Induction The electromotive force induced in an 
electrical circuit is proportional to the rate of change of the magnetic 
flux linking the circuit 

Joule's Law The rate of change of the production of heat m a con- 
stant resistance electrical circuit is proportional to the square of the 
current 

Lends Law The current induced in a arcuit due to a change in the 
magnetic flux through it or to its motion m a magnetic field is so directed 
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as to oppose the change in flux or to exert a mechanical force opposing 
the motion. 

Ohm's Law. The current in an electric circuit is directly proportional 
to the electromotive force in the circuit. 

Kirchhqff’s Laws. The algebraic sum of the currents flowing into any 
point in a petwork is zero. The algebraic sum of the products of current 
by resistance around any closed path in a network equals the algebraic 
sum of the electromotive forces in that path. See Sect. 3.8. 

1.3. Publications 

Dynamical analogies have been developed and used for a period of 
more than three decades. During this time there have been many 
publications reporting the developments in this field. A list of these 
publications, in their reverse chronological order, follows: 

Firebtone, American Institute of Physics Handbook^ “The Mobility and 
Classical Impedance Analogies,” McGraw-Hill Book Co., New York, 
N. Y., 1957. 

Olson, American Institute of Physics Handbook, “Classical Electro- 
Dynamical Analogies,” McGraw-Hill Book Co., New York, N. Y., 
1957. 

Olson, “Acoustical Engineering,” D. Van Nostrand Co., Princeton, N. J., 
1957. 

Firestone, Floyd A., four. Acous. Soc. Amer., Vol. 28, No. 6, p. 1117, 
1956. 

Trent, H, M., four. Acous. Soc. Amer., Vol. 27, No. 3, p. 500, 1955. 
Bauer, B. B., four. Acous. Soc. Amer., Vol. 25, No. 5, p. 837, 1953. 
Raymond, F., Reo. gen. elec., Vol. 61, No. 10, p. 465, 1952. 

LeCorbelier and Yueng, four. Acous. Soc. Amer., Vol. 24, No. 6, p. 643, 
1952. 

Mason, “Electromechanical Transducers and Wave Filters,” D. Van 
Nostrand Co., Princeton, N. J., 1948. 

Bloch, A., f. Inst. Elec. Eng. (London) Vol. 92, Pt. 1, p. 157, 1945. 
Olson, “Dynamical Analogies,” D. Van Nostrand Co., Princeton, N. T., 
1943. 

Firestone, Floyd A., four. Appli. Phys., Vol. 9, No. 5, p. 373, 1938. 
Firestone, Floyd A., four. Acous. Soc. Amer., Vol. 4, No. 3, p. 249, 1933. 
Hahnle, Walter, Wissen. Verqff Siemens-Konzern, Vol. 11, p. 1, 1932. 
Darrieus, M., Bull. Soc. Franc. Elec., Vol. 96, p. 794, 1929. 
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ELEMENTS 

2 1 Introduction 

An element or circuit parameter in an electrical system defines a dis 
tmct activity in its part of the circuit In an electrical system these 
elements are resistance, inductance and capacitance They are dis 
tinguished from the devices, resistor, inductor and capacitor A resistor, 
inductor and capacitor idealized to have only resistance, inductance and 
capacitance is a circuit element As indicated m the preceding chapter, 
the study of mechanical and acoustical systems is facilitated by the 
introduction of elements analogous to the elements of an electric circuit 
In this procedure, the first step is to develop the elements in these 
vibrating systems It is the purpose of this chapter to define and describe 
electrical, mechanical rectilineal, mechanical rotational and acoustical 
elements ‘ 

2 2 Resistance 

A Electrical Resistance — Electrical energy is changed into heat by 
the passage of an electrical current through a resistance Energy is lost 
by the system when a charge q is driven through a resistance by a voltage 
e Resistance is the circuit clement which causes dissipation 

Electrical resistance te, m abohms, is defined as 



where e = voltage across the resistance, in abvolts, and 
t = current through the resistance, m abamperes 

T-quation states that ^e diectromistive Jorce across an eVectnca^ 
resistance is proportional to the electrical resistance and the current 


IS 


‘ See footnote 4, page 10 



RESISTANCE 


19 


B. Mechrmical Rectilineal Mechanical rectilineal energy 

is changed into heat by a rectilinear motion which is opposed by linear 
resistance (friction). In a mechanical system dissipation is due to fric- 
tion. Energy is lost by the system when a mechanical rectilineal resist- 
ance is displaced a distance by a force/jif. 

Mechanical rectilineal resistance (termed mechanical resistance) rAf, 
in mechanical ohms, is defined as 


tm 



2.2 


where Jm = applied mechanical force, in dynes, and 

u — velocity at the point of application of the force, in centi- 
meters per second. 

Equation 2.2 states that the driving force applied to a mechanical 
rectilineal resistance is proportional to the mechanical rectilineal resist- 
ance and the linear velocity. 

C. Mechanical Rotational Resistance . — Mechanical rotational energy is 
changed into heat by a rotational motion which is opposed by a rotational 
resistance (rotational friction). Energy is lost by the system when a 
mechanical rotational resistance is displaced by an angle 0 by a torque/ij. 

Mechanical rotational resistance (termed rotational resistance) vr, in 
rotational ohms, is defined as 


where Jr = applied torque, in dyne centimeters, and 

6 = angular velocity at the point of application about the axis, 
in radians per second. 

Equation 2.3 states that the driving torque applied to a mechanical 
rotational resistance is proportional to the mechanical rotational resist- 
ance and the angular velocity. 

D. Acoustical Resistance . — In an acoustical system dissipation may be 
due to the fluid resistance or radiation resistance. At this point the 
former type of acoustical resistance will be considered. Acoustical 
energy is changed into heat by the passage of a fluid through an acousti- 
cal resistance. The resistance is due to viscosity. Energy is lost by the 
system when a volume X is driven through an acoustical resistance by a 
pressure p. 
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Acoustical resistance r 4 , in acoustical ohms, is defined as 
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where f = pressure, m dynes per square centimeter, and 
V s* volume currenif, in cubic centimeters per second 

Equation 2 4 states that the driving pressure applied to an acoustical 
resistance is proportional to the acoustical resistance and the volume 
current 

The transmission of sound waves or direct currents of air through small 
constrictions is primarily governed by acoustical resistance due to 
viscosity A tube of small diameter, a narrow slit, and metal, or cotton 
or silk cloth are a few examples of systems which exhibit acoustical 
resistance There is also, m addition to the resistive component, a reac 
tive component However, the ratio of the two components is a func- 
tion of the dimensions This is illustrated by the following equation for 
the acoustic impedance * of a narrow sist 


\2iiW 6pu>u 

dV 5W 
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where n = viscosity coefficient, I 86 X 10“^ for air, density, m grams 
per cubic centimeter, 

J « thickness of the slit normal to the direction of flow, in 
centimeters, 

/ = width of the slit normal to the direction of flow, in centi 
meters, 

w = length of the slit in the direction of flow, in centimeters, 

u = 2ir/, and 

/ = frequency in cycles per second 

Any ratio of acoustical resistance to acoustical reactance can be 
obtained by a suitable value of «/ Then the value of acoustical resistance 
can be obtained bv an a^pprojjnate value of w and / The same expedient 
may be employed in the case of any acoustical resistance m which the 
resistance is due to viscosity 

* Olson, “Acoustical Engineering, D Van Nostrand Co, Princeton, N J , 
1957 
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2.3. Inductance, Mass, Moment of Inertia, Inertance 

A. Inductance . — Electromagnetic energy is associated with induct- 
ance. Electromagnetic energy increases as the current in the inductance 
increases. It decreases when the current decreases. It remains constant 
when the current in the inductance is a constant. Inductance is the 
electrical circuit element which opposes a change in current. Inductance 
L, in abhenries, is defined as 

e = L— 2.6 

dt 


where e — electromotive or driving force, in abvolts, and 
difdt — rate of change of current, in abamperes per second. 

Equation 2.6 states that the electromotive force across an inductance 
is proportional to the inductance and the rate of change of current. 

B. Mass . — Mechanical rectilineal inertial energy is associated with 
mass in the mechanical rectilineal system. Mechanical rectilineal energy 
increases as the linear velocity of a mass increases, that is, during linear 
acceleration. It decreases when the velocity decreases. It remains con- 
stant when the velocity is a constant. Mass is the mechanical element 
which opposes a change of velocity. Mass m, in grams, is defined as 

du 

}M = m— 2.7 


where dujdt = acceleration, in centimeters per second per second, and 
= driving force, in dynes. 


Equation 2.7 states that the driving force applied to the mass is pro- 
portional to the mass and the rate of change of linear velocity. 

C. Moment oj Inertia . — Mechanical rotational inertial energy is asso- 
ciated with moment of inertia in the mechanical rotational system. 
Mechanical rotational energy increases as the angular velocity of a 
moment of inertia increases, that is, during angular acceleration. It 
decreases when the angular velocity decreases. It remains a constant 
when the angular velocity is a constant. Moment of inertia J, in gram 
(centimeter)^, is given by 


/fl = 



2.8 
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where dQ/dt = angular acceleration, in radians per second per second, 
and 

Jr = torque, in dyne centimeters 

Equation 2 8 states that the driving torque applied to the moment of 
inertia is proportional to the moment of inertia and the rate of change of 
angular velocity 

D Inertance — Acoustical inertia! energy is associated with inertance 
in the acoustical system Acoustical energy increases as the volume 
current of an inertance increases It decreases when the volume current 
decreases It remains constant when the volume current is a constant 
Inertance is the acoustical element that opposes a change in volume 
current Inertance A/, in grams per (centimeter)*, is defined as 


P-M- 
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where M *■ inertance, in grams per (centimeter)*, 

dUfdt » rate of change of volume current, in cubic centimeters per 
second per second, and 

p ® driving pressure, in dynes per square centimeter 
Equation 2 9 states that the driving pressure applied to an inertance is 
proportional to the inertance and the rate of change of volume current 
Inertance * may be expressed as 

Af - ^ 2 10 

where m = mass, in grams, 

S = cross sectional area m square centimeters, over which the 
driving pressure acts to drive the mass 
The inertance of a circular tube is 



where R = radius of the tube, m centimeters, 

/ = effective length of the tube, that is, length plus end correc- 
tion, in centimeters, and 

p = density of the medium m the tube, in grams per cubic centi- 
meter 

• Olson, ‘ Acoustical Engineering, D Van Nostrand Co , Princeton, N J , 
1957. 
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2.4. Electrical Capacitance, Rectilineal Compliance, Rotational Com- 
pliance, Acoustical Capacitance 

A. Electrical Capacitance . — ^Electrostatic energy is associated with the 
separation of positive and negative charges as in the case of the charges 
on the two plates of an electrical capacitance. Electrostatic energy 
increases as the charges of opposite polarity are separated. It is constant 
and stored when the charges remain unchanged. It decreases as the 
charges are brought together and the electrostatic energy released. 
Electrical capacitance is the electrical circuit element which opposes a 
change in voltage. Electrical capacitance Ce, in abfarads, is defined as 

i=CE^ 2.12 

at 

Equation 2.12 may be written 



where q = charge on electrical capacitance, in abcoulombs, and 
e = electromotive force, in abvolts. 

Equation 2.13 states that the charge on an electrical capacitance is 
proportional to the electrical capacitance and the applied electromotive 
force. 

B. Rectilineal Compliance . — Mechanical rectilineal potential energy is 
associated with the compression of a spring or compliant element. Me- 
chanical energy increases as the spring is compressed. It decreases as the 
spring is allowed to expand. It is a constant, and is stored, when the 
spring remains immovably compressed. Rectilineal compliance is the 
mechanical element which opposes a change in the applied force. Rec- 
tilineal compliance Cm (termed compliance) in centimeters per dyne, is 
defined as 

Jm = 77" 2.14 

where x = displacement, in centimeters, and 
/m = applied force, in dynes 

Equation 2.14 states that the linear displacement of a compliance is 
proportional to the compliance and the applied force. 
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Stiffness IS the reciprocal of compliance 

C Rotational Compliance — Mechanical rotational potential energy is 
associated with the twisting of a spring or compliant element Mecham 
cal energy increases as the spnng is twisted It decreases as the spring 
IS allowed to unwind It is constant^ and is stored when the spring 
remains immovably twisted Rotational compliance is the mechanical 
element which opposes a change in the applied torque Rotational 
compliance Cr, in radians per centimeter per dyne, is defined as 

Z.5 

where ^ = angular displacement, m radians, and 
/r ss applied torque, in dyne centimeters 

Equation 2 15 states that the rotational displacement of the rotational 
compliance is proportional to the rotational compliance and the applied 
force 

D Aeouitical Capacitance —RcoxiiWcoX potential energy is associated 
with the compression of a fluid or gas Acoustical energy increases as the 
gas 13 compressed It decreases as the gas is allowed to expand It is 
constant, and is stored when the gas remains immovably compressed 
Acoustical capacitance is the acoustic element which opposes a change in 
the applied pressure The pressure,* m dynes per square centimeter, m 
terms of the condensation, is 

2 16 


where c = velocity, in centimeters per second, 

p = density, in grams per cubic centimeter, and 
s = condensation, defined in equation 2 17 

The condensation in a volume F due to a change in volume from ^to 
F' is 


* Olson Acoustical Engineering p 10 D Van Nostrand Co , Princeton, 
N J , 1957 
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The change in volume V — V, in cubic centimeters, is equal to the 
volume displacement, in cubic centimeters. 

V -V' 2.18 


where X = volume displacement, in cubic centimeters. 
From equations 2.16, 2.17, and 2.18 the pressure is 



Acoustical capacitance C 4 is defined as 


P 


Ca 


2.19 


2.20 


where p = sound pressure in dynes per square centimeter, and 
X = volume displacement, in cubic centimeters. 

Equation 2.20 states the volume displacement in an acoustical capaci- 
tance is proportional to the pressure and the acoustical capacitance. 
From equations 2.19 and 2.20 the acoustical capacitance of a volume is 

V 

Ca = -3 2.21 

pr 

where V = volume, in cubic centimeters. 


2.5. Representation of Electrical, Mechanical Rectilineal, Mechanical 
Rotational and Acoustical Elements 

Electrical, mechanical rectilineal, mechanical rotational and acoustical 
elements have been defined in the preceding sections. Fig. 2.1 illustrates 
schematically the three elements in each of the four systems. 

The electrical elements, electrical resistance, inductance and electrical 
capacitance are represented by the conventional symbols. 

Mechanical rectilineal resistance is represented by sliding friction 
which causes dissipation. Mechanical rotational resistance is represented 
by a wheelwith a sliding friction brake which causes dissipation. Acousti- 
cal resistance is represented by narrow slits which causes dissipation due 
to viscosity when fluid is forced through the slits. These elements are 
analogous to electrical resistance in the electrical system. 
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Inertta m the mechanical rectilineal system is represented by a mass 
Moment of inertia m the mechanical rotational system is represented by 
a flywheel Inertance in the acoustical system is represented as the fluid 
contained m a tube m which all the particles move with the same phase 
when actuated by a force due to pressure These elements are analogous 
to inductance in the electrical system 


-A^AAl— 

L 

Hh [13 -Vir 

KKt 1- K&TM OHkV 

ELtCTRieAL ACOUSTICAL MECHANICAL 

Fto 2 1 Graphical rcpreseneaoon of the three basic dements in electncalj mechanical 
ttttihneal, mechanical totational and acoustical systems 
rg - eleetncal re ■ acoustical re rjr ■ mechan cal m » mechanical ro 

sistanee a stance rect lineal tationalre 

resistance sistance 

* inductance W « ineicanet m > mass moment of in 

ertia 

Cg X elecCncal ca « acoustical ca Car ~ compliance Cb ~ rotational com 

pacitance paatance pliance 

Compliance m the mechanical rectilineal system is represented as a 
spring Rotational compliance m the mechanical rotational system is 
represented as a spring Acoustical capaatance in the acoustical system 
IS represented as a volume which acts as a stiffness or spring element 
These elements arc analogous to electrical capacitance m the electrical 
system 

In the preceding discussion of elcctncal, mechanical rectilineal, me- 
chatwcal atvd a,co«tical ayatems « was observed that the foor 

systems are analogous As pointed out in the introduction, using the 
dynamical concept for flow of electrical currents in electrical circuits the 
fundamental laws are of the same nature as those which govern the 
dynamics of a moving body In general, the three fundamental dimen- 
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TABLE 2J 


Electrical 

1 

' Mecharucal Rectilineal 

Quantity 

Uwt 

1 M 

Dimendon 

Quantity 

! 

Unit 


' Dimension 

Electromo- 
tive Force 

Volta X 10* 

■ 

wMihr-* 

Force 

Dynes 


1 

■ 

Charge or 
Quantity 

Coulombs X 10 * 

1 

1/MlM 

Linear Dis- 
, placement 

Centimeters 

1 

L 

Current 

Amperes X 10 -> 

• 


1 Lmeat 

I Veloaiy 

■CenlimetCTi 

1 per Second 

xorr 

j LT-' 

Electrical , 
Imped 
anee 1 

Ohma X 10* 1 

tg 

LT’t 



B 


Electrical 

Reuet 

aace 

Ohms X 10* ' 

fS 

g 

Alechanjcal | 
Reaiatance 

Mechanical 

Ohms 


irr-t 

Electrical 

Reactance 

Ohms X 10' 

X£ 

ir-i 

Mechanical 

Reactance 

Mechanical 

Ohms 

XU 

i/r-t 

Inductance 

Henries X 10* 

L 

L 

Mass 1 

Grama 

n 

ii 

Electrical 

Capaci 

Farads X lO”* 

Cb I 

L-»r* 

Compliance | 

Centimeters 
per Dyne 

Cif 



Elga per Second 

Pb 

ItVT-* 

Po».ei 

Ergs per 
Second 

Far 

MLar-* 
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TABLE 2.3 — Continued 


Mechanical Rotational 

Acoustical 

Quantity 

Unit 

Sym- 

bol 

Dimension 

Quantity 

Unit 

Sym- 

bol 

Dimension 

Torque 

Dyne Centimeter 

Jr 


Pressure 

Dynes per 
Square 
Centimeter 

B 


Angular 

Displace- 

ment 

Radians 


1 

Volume Dis- 
placement 

Cubic Cen- 
timeters 

X 

n 

Angular 

Velodty 

Radians per 
Second 

^otO 

! r-i 

Volume 

Current 

Cubic Centi- 
meters per 
Second 

XotV 

LST-i 

Rotational 

Imped- 

ance 

Rotational 

Ohms 

■ 

ML^T-t 

Acoustical 

Impedance 

Acoustical 

Ohms 

m 

ML-tT-^ 

Rotational 

Resist- 

ance 

Rotational 

Ohms 

rR 

ML^T-i 

Acoustical 

Resistance 

Acoustical 

Ohms 

rA. 

ML-tT-t 

Rotational 

Reactance 

Rotational 

Ohms 

'XR 


Acoustical 

Reactance 

Acoustical 

Ohms 


ML-iT-t 

liloment of 
Inertia 

(Gram) (Cen- 
timeter) 2 

■ 

ML? 

Inertance 

Grams per 
( Centime- 
ter) < 

M 

ML-* 

Rotational 

Compli- 

ance 

Radians per 
Dyne per Cen- 
timeter 

Cr 


Acoustical 

Capaci- 

tance 

(Centime- 
ter)* per 
Dyne 

Ca 

M-*L*T2 

Power 

Ergs per Second 

Pr 

ML^T-3 

Power 

Ergs per 
Second 

Pa 

ML^T-i 
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sions are mass, length, and time These quantities are directly connected 
to the mechanical rectilineal system Other quantities in the mechanical 
rectilineal s> stem may be derived in terms of these dimensions In terms 
of analogies the dimensions in the electrical circuit corresponding to 
length, mass and time in the mechanical rectilineal system are charge, 
self inductance, and time The corresponding analogous dimensions m 
the rotational mechanical system are angular displacement moment of 
inertia, and time The corresponding analogous dimensions m the acous- 
tical system are volume displacement, inertance and time The above 
mentioned fundamental dimensions in each of the four systems are shown 
in tabular form in Table 2 1 Other quantities in each of the four systems 
may be expressed in terms of the dimensions of Table 2 1 * A few of the 
most important quantities have been tabulated m Table 2 2 Tables 2 1 
and 2 2 depict analogous quantities m each of the four systems Further, 
it shows that the four systems are dynamically analogous 

The dimensions given m Table 2 1 should not be confused with the 
classical dimensions of electrical, mechanical and acoustical systems 
given in Table 2 3 Table 2 3 uses mass A/, lengths and time T In the 
case of the electrical units dielectric and permeability constants are 
assumed to be dimensionless 

* The Tables 21,22 and 2 3 deviate from the procedure outlined m footnote 4, 
page 10, and list the standard modifiers for all four systems 
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ELECTRICAL, MECHANICAL RECTILINEAL, MECHANICAL 
ROTATIONAL, AND ACOUSTICAL SYSTEMS 
OF ONE DEGREE OF FREEDOM 

3.1. Introduction 

In the preceding sections the fundamental elements in each of the four 
systems have been defined. From these definitions it is evident that 
friction, mass, and compliance govern the movements of physical bodies 
in the same manner that resistance, inductance and capacitance govern 
the movement of electricity. In any dynamical system there are two 
distinct problems; namely, the derivation of the differential equation 
from the statement of the problem and the physical laws, and the solu- 
tion of the differential equation. It is the purpose of this chapter to 
establish and solve the differential equations for electrical, mechanical 
rectilineal, mechanical rotational and acoustical systems of one degree 
of freedom. These equations will show that the coefficients in the dif- 
ferential equation of the electrical system are elements in the electrical 
circuit. In the same way the coefficients in the differential equations of 
the mechanical rectilineal, mechanical rotational and acoustical systems 
may be looked upon as mechanical rectilineal, mechanical rotational or 
acoustical elements. In other words, a consideration of the four sys- 
tems of a single degree of freedom provides another means of establish- 
ing the analogies between electrical, mechanical rectilineal, mechanical 
rotational and acoustical systems. 

3.2. Description of Systems of One Degree of Freedom 

An electrical, mechanical rectilineal, mechanical rotational, and acous- 
tical system of one degree of freedom is shown in Fig. 3.1. In one degree 
of freedom the activity in every element of the system may be expressed 
in terms of one variable. In the electrical system an electromotive force 
e acts upon an inductance L, an electrical resistance rjs and an electrical 

31 
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capacitance Ce connected in senes In the mechanical rectilineal sys 
tern a driving force acts upon a particle of mass m fastened to a 
spring or compliance Cji/ and sliding upon a plate with a frictional force 
which IS proportional to the velocity and designated as the mechanical 
rectilineal resistance ru In the mechanical rotational system a driving 
torque Jr acts upon a flywheel of moment of inertia 1 connected to a 
spring or rotational compliance Cr and the periphery of the wheel sliding 
against a brake with a frictional force which is proportional to the 
velocity and designated as the mechanical rotational resistance Tr In 


L Tt I 



ACOUSTICAL 




ONM 

MCCHAN CAL 



rRCQUENCY 


Fio 3 1 Elecinctl mechan eal rectilineal mechan cal rotational and acoust cal systems 
of one degree of freedom and the current, velocity, angular velocity and volume current 
response charaetensncs 


the acoustical system an impinging sound wave of pressure p acts upon 
an inertance M and an acoustical resistance rx comprising the air in the 
tubular opening which ts connected to the volume or acoustical capaci- 
tance Ca The acoustical resistance ta is due to viscosity 
The principle of the conservation of energy forms one of the basic 
theorems m most sciences The principle of conservation of energy 
states that the total store of energy of all forms remains a constant if 
the system is isolated so that it neither receives nor gives out energy, 
in case of transfer of energy the total gam or loss from the system is equal 
to the loss or gam outside the system In the electrical) mechanical 
rect’.lwvta.l, s'atatvOT.ai, asd er/wgy w.’A te 

confined to three forms, namely, kinetic, potential and heat energy 
Kinetic energy of a system is that possessed by virtue of its velocity. 
Potential energy of a system is that possessed by virtue of its configura- 
tion or deformation Heat is a transient form of energy In the four 
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systems; electrical, mechanical rectilineal, mechanical rotational, and 
acoustical energy is transformed into heat in the dissipative part of 
the system. The heat energy is carried away either by conduction or 
radiation. The sum of the kinetic, potential, and heat energy during an 
interval of time is, by the principle of conservation of energy, equal to 
the energy delivered to the system during that interval. 


3.3, Kinetic Energy 

The kinetic energy Tke stored in the magnetic field of the electrical 
circuit is 

Tke = iLi^ 3.1 

where L — inductance, in abhenries, and 

i = current through the inductance Z, in abamperes. 

The kinetic energy Tkm stored in the mass of the mechanical recti- 
lineal system is 

TjOii = 3.2 

where m = mass, in grams, and 

— velocity of the mass in centimeters per second. 

The kinetic energy Tkr stored in the moment of inertia of the mechani- 
cal rotational system is 

Tkr = 3.3 


where I = moment of inertia, in gram (centimeter)® and 
= angular velocity of 7, in radians per second. 

The kinetic energy Tka stored in the inertance of the acoustical 
system is 

Tka = 3.4 


where M = m/S'^, the inertance, in grams per (centimeter)^, 
m = mass of air in the opening, in grams, 

S = cross-sectional area of the opening, in square centimeters, 
X = S^; = volume current, in cubic centimeters per second, 

^ = velocity of the air particles in the opening, in centimeters 
per second. 


It is assumed that all the air particles in the opening move with the 
same phase. 



34 SYSTEMS OF ONE DEGREE OF FREEDOM 
3 4 Potentml Energy 


The potential energy ype stored in the electrical capacitance of the 
electrical circuit is 


ypB 


2Cs 
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where Ce = capacitance, in abfarads, and 

q = charge on the capaatance, in abcoulombs 


The potential energy stored m the compliance or spring of the 
mechanical rectilineal system is 


where Cw •= 1/j * compliance of the spring, in centimeters per dyne, 
j = stiffness of the spring, m dynes per centimeter, and 
X = displacement, in centimeters 

The potential energy stored m the rotational compliance or spring 
of the mechanical rotational system is 


rpB 


i£ 

2C/r 


37 


where Cji = rotational compliance of the spring, in radians per dyne per 
centimeter, and 

0 = angular displacement, in radians 


The potential energy Vpa stored in the acoustical capacitance of the 
acoustical system is 


ypA = 
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where X *= volume displacement, m cubic centimeters, 

Ca = yip^= acoustical capacitance, m (centimeters)* per dyne, 
y = volume of the cavity, in cubic centimeters, 
p — density of air, in grams per cubic centimeter, and 
c = velocity of sound, in centimeters per second 
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The energies stored in the systems is the sum of the kinetic and poten- 
tial energy. The total energy stored in the four systems may be written 


1 2 

We — Tke + = iTz® 2 ^ 

Wm = Tkm + V’pM = -j- - — 3.10 

2 . Ljvf 

Wr = Tkr VpR = 3.11 

2 Lr 

Wa = Tka + VpA = + - ^ 3.12 

2 La 


where We, Wm, Wr, and Wa are the total energies stored in electrical, 
mechanical rectilineal, mechanical rotational, and acoustical systems. 

The rate of change of energy with respect to time in the four systems 
may be written 

dWE 
dt 

dWu 

dt 

dWR 
dt 

dWA 
dt 

3.6. Dissipation 

The rate at which electromagnetic energy Be is converted into heat is 

Be = te^ 3.17 

where ta = electrical resistance, in abohms, and 
i = current, in abamperes. 

Assume that the frictional force /jw upon the mass m as it slides back 
and forth is proportional to the velocity as follows: 

Jm ~ tmx 


dt Ce ^ Ce 

3.13 

, xH 
ffoix + — 

Lm 

3.14 

Lr 

3.15 


3.16 


3.18 
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where r\i »= mechanical resistance, in mechanical ohms, and 
X *= velocity, in centimeters per second 

The rate at which mechanical rectilineal energy D\r is converted into 
heat IS 

=/vx « W 3 19 

Assume that the frictional torque Ja upon the fipvheel I as the pe 
riphery of the wheel slides against the brake is proportional to the veloc 
ity as follows 

/r » 3 20 

where tr *= mechanical rotational resistance, m rotational ohms, and 
^ s= angular velocity, in radians per second 

The rate at which mechanical rotational energy Dr is converted into 
heat IS 

Dr ■» tr^^ 3 21 

The acoustical energy is converted into heat by the dissipation due to 
viscosity as the fluid is forced through the narrow slits The rate at 
which acoustical energy Da is converted into heat is 

Da^taX^ 3 22 

where « acoustical resistance, m acoustical ohms, and 
X = volume current in cubic centimeters per second 

3 6 Equations of Motion 

The power delivered to a system must be equal to the rate of kinetic 
energy storage plus the rate of potential energy storage plus the power 
loss due to dissipation The rate at which work is done or power de 
livered to the electrical system by the applied electromotive force is 
= cy The rate at which work is done or power delivered to the 
mechanical rectilineal system by the applied mechanical force is 
xFjife^"‘ = Jmx The rate at which work is done or power delivered to 
iVft: noiOtaatarJi iiKitctutrJi vyi'cetii Vy *iW •apj/rrei Ttret.'rnarii.’di njitfcrt: re 
^Fr^'"'’ = The rate at which work is done or power delivered to 
the acoustical system by the applied sound pressure is XP(^“* = pX 
The rate of decrease of energy {Tr + Fp) of the system plus the rate 
at which work is done on the system or power delivered to the system 
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by the external forces must equal the rate of dissipation of energy. 
Writing this sentence mathematically yields the equations of motion for 
the four systems. 


Electrical 


Lqq + rsq^ + ^ = Ee^'^^q 
Le 


Lq + rEq + ^ = £ 6 ^'“' 


Mechanical Rectilineal 


mxii + + -pr = 


Mechanical Rotational 


mx + rMX + — = Fm 
Cm 


Acoustical 


m + rR4? + ^ = 

+ fR^ + •— = Fr^'“^ 
^R 


MM + va:^ + ^ = 
Ca 

MZ+rAJ? 

Ca 


The steady state solutions of the four differential equations 3.24, 3.26, 
3.28 and 3.30 are 


Electrical 


q = t = 


^E +ywL 


J Ze 


Mechanical Rectilineal 


ru + joim — 


J zm 


3.32 
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Mechanical Rotational 


Acoustical 






/r 

zr 



rA + fuM 

uCa 


z 

Za 


The vector electrical impedance is 


ze = rs +juL 

uLr 

The vector mechanical rectilineal impedance is 


zjit = tr +Jam - 

The vector mechanical rotational impedance is 


Zr " fR +y«/ ^ 

vCr 

The vector acoustical impedance is 


3 33 


334 


3 35 


3 36 


3 37 


ZA “ rA +juM 3 38 

uCa 

3.7 Resonant Frequency 

For a certain value of L and Cr, tn and Cm* I and Cr, and M and Ca 
there will be a certain frequency at which the imaginary component of 
the impedance is zero This frequency is called the resonant frequency 
At this frequency the ratio of the current to the applied voltage or the 
ratio of the velocity to the applied force or the ratio of the angular 
velocity to the applied torque or the ratio of the volume current to the 
applied pressure is a maximum At the resonant frequency the current 
and voltage, the velocity and force, the angular velocity and torque, 
and the volume current and pressure arc in phase 
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The resonant frequency /r in the four systems is 


Electrical 

, 1 


2ir”\/ LCe 

Mechanical Rectilineal 

, 1 


'lit''/ itjCm 

Mechanical Rotational 

, 1 


2WICr 

Acoustical 

, 1 


27rVMC’A 


3.39 

3.40 

3.41 

3.42 


3.8. Kirchhoff’s Law and D’Alembert’s Principle '■ 


Kirchhoff’s electromotive force law plays the same role in setting up 
the electrical equations as D’Alembert’s principle does in setting up 
mechanical and acoustical equations. It is the purpose of this section 
to obtain the differential equations of electrical, mechanical rectilineal, 
mechanical rotational and acoustical systems employing Kirchhoff’s 
law and D’Alembert’s principle. 

Kirchhoff’s law is as follows: The algebraic sum of the electromotive 
forces around a closed circuit is zero. The differential equations for 
electric circuits with lumped elements may be set up employing Kirch- 
hoff’s law. The electromotive forces due to the elements in an electric 
circuit are 


Electromotive force of self-inductance = 




3.43 


Electromotive force of electrical resistance = — = — 



3.44 


Electromotive force of electrical capacitance = ~ 3.45 

Ce 

In addition to the above electromotive forces are the electromotive 
forces applied externally. 

’ D’Alembert’s principle as used here may be said to be a modified form of 
Newton’s second law. 
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The above law may be used to denve the differential equation for the 
electrical circuit of Fig 3 I From Kirchhoff s law the algebraic sum of 
the electromotive forces around the arcuit is zero The equation may- 
be written 

+ 3 46 

at Cb 

where e ^ Ee^"‘ = the external applied electromotive force 
Equation 3 46 may be written 

and IS the same as equation 3 24 

The differential equations for mechanical systems may be set up 
employing D Alembert s principle, namely, the algebraic sum of the 
forces applied to a body is zero 

The mechanical forces due to the elements m a mechanical rectilineal 
system are 

Mechanomotive force of mass reaction ■ ^ 

Mechanomotive force of mechanical rectilineal resistance = 

dx 

Mechanomotive force of mechanical compliance == — ~ 

Cm 

In addition to the above mechanomotive forces are the mechano- 
motive forces applied externally 

The above principle may be used to denve the differential equation of 
the mechanical rectilineal system of Fig 3 1 From D Alembert’s 
principle the algebraic sum of the forces applied to a body is zero The 
equation may be written 

where Jm = FAfe’"* = external applied mechanical force 


3 49 
3 50 
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Equation 3.51 is the same as equation 3.26. 

D’Alembert’s principle may be applied to the mechanical rotational 
system. The rotational mechanical forces due to the elements in a 
mechanical rotational system are 


Rotatomotive force of moment of inertia reaction = — / 




3.52 


Rotatomotive force of mechanical rotational resistance = 


Rotatomotive force of rotational compliance = — ■” 

Cr 


d<b 

3.54 


In addition to the above rotatomotive forces are the rotatomotive 
forces applied e.xternally. 

Applying D’Alembert’s principle the equation for the rotational sys- 
tem of Fig. 3.1 may be written 

where^K = = external applied torque. 

Equation 3.55 is the same as equation 3.28. 

D’Alembert’s principle may be applied to the acoustical system. 
The acoustical pressures due to the elements in an acoustical system are 


Acoustomotive force of inertive reaction — — M 


3.56 

Acoustomotive force of acoustical resistance = — 

dx 

3.57 

Acoustomotive force of acoustical capacitance = 

X 

Ca 

3.58 

In addition to the above acoustomotive forces 

are the 

acoustomo- 

tive forces applied externally. 
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Applying D Alembert’s pnnciple, the equation for the acoustical 
system of Fig 3 1 may be written 


U 


£X 

dt^ 


+ 


dX . X 

'''* dt Ci 


p^M 


3S9 


where p = Pe^"* = external applied pressure 

Equation 3 59 is the same as equation 3 30 
Equations 3 43 to 3 59, inclusively, further illustrate the analogies 
between electrical, mechanical rectilineal, mechanical rotational, and 
acoustical systems 



CHAPTER IV 


ELECTRICAL, MECHANICAL RECTILINEAL, MECHANICAL 
ROTATIONAL AND ACOUSTICAL SYSTEMS OF TWO 
AND THREE DEGREES OF FREEDOM 


4.1. Introduction 

The analogies between the four types of vibrating systems of one 
degree of freedom have been considered in the preceding chapter. It is 
the purpose of this section to extend these analogies to systems of two 
and three degrees of freedom. In this chapter the differential equations 
for the four systems will be obtained from the expressions for the kinetic 
and potential energies, the dissipation and the application of Lagrange’s 
equations. 


4.2. Two Degrees of Freedom 

The first consideration will be the systems shown in Fig. 4.1. In the 
electrical system an electromotive force acts upon an electrical capaci- 



ACOUSTICAL 



RCCTILINCAU 







' 2 / 57 “ 


ROTATIONAL 

MECHANICAL 



Fig. 4.1. Electrical, mechanical rectilineal, mechanical rotational and acoustical systems 
of two degrees of freedom and the input current, velocity, angular velocity and volume 
current response characteristics. 


tance Ce shunted by an inductance L and an electrical resistance te in 
senes. In the mechanical rectilineal system a driving force acts upon a 

43 
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spring or compliance Cm connected to a mass m sliding upon a plate with 
a fnctional force which is proportional to the velocity and designated as 
the mechanical rectilineal resistance Of In the mechanical rotational 
system a driving torque acts upon a spring or rotational compliance Cr 
connected to a flywheel of moment of inertia 7 and with the periphery of 
the wheel sliding against a brake with a fnctional force which is propor- 
tional to the velocitj and designated as the mechanical rotational resist- 
ance rR In the acoustical system a driving pressure p acts upon a 
volume or acoustical capacitance Ca connected to a tubular opening 
communicating with free space The mass of fluid in the opening is the 
inertance M and the fluid resistance produced by the slits is the acousti- 
cal resistance 

4 3 Emetic Energy 

The kinetic energy Tre stored m the magnetic field of the electncal 
circuit IS 

where L “ inductance, in abhennes, and 

« /3 = current, m branch 3, in abamperes 

The kinetic energy Trm stored m the mass of the mechanical rectilineal 
system is 

Trm — lmx3^ 4 2 

where m « mass, m grams, and 

xs *= velocity of the mass m, m centimeters per second 

The kinetic energy Trr stored in the moment of inertia of the mechani- 
cal rotational system is 

Tab = 4 3 

where 7 = moment of inertia, in gram (centimeter)* and 
03 = angular velocity of 7, m radians per second 

The kinetic energy Tra stored m the inertance of the acoustical sys- 
tem IS 

Tka “ ImX'3^ 4 4 

where Af — inertance, in grams per (wntimeter)^ and 

A'a = volume current, in cubic centimeters per second 
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4.4. Potential Energy 

The potential energy Vpe stored In the electric field of the electrical 
circuit is 

V 45 

where Ce = capacitance, in abfarads, and 

q2 = charge on the electrical capacitance, in abcoulombs. 

The potential energy Vpm stored in the compliance or spring of the 
mechanical rectilineal system Is 

j. 1 -^ 2 ^ . , 

4.6 


where Cm = compliance of the spring, in centimeters per dyne, and 
X2 = displacement, in centimeters. 

The potential energy Vpr stored in the rotational compliance or spring 
of the mechanical rotational system is 


] 

y 

^ 2 Cr 


4-7 


, III riiuleiiib per uyuc per 


where Cr = rotational compliance of the spring, 
centimeter, and 
<t>2 = angular displacement, in radians. 

The potential energy Fra stored in the acoustical capacitance of the 
acoustical system is 

-■.-if 

where Ca — acoustical capacitance, in (centimeter)® per dyne, and 
X2 = volume displacement, in cubic centimeters. 


4.6. Dissipation 

The rate at which electromagnetic energy De is converted into heat is 

De = rEh^ = rEqa^ 

where = electrical resistance, in ohms, and 
h = ys = current, in abamperes. 


4.9 
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The rate at which mechanical rectilineal energy Dif is converted into 
heat IS 

Dm = tmxz 4 10 

where ru = mechanical rectilineal resistance, in mechanical ohms, and 
X 3 — velocity, m centimeters per second 

The rate at which mechanical rotational energy Dr is converted into 
heat IS 

Dr = 411 

where rR ~ mechanical rotational resistance, in rotational ohms, and 
03 = angular velocity, in radians per second 

The rate at which acoustical energy Da is converted into heat is 

4 12 


where rx » acoustical resistance, in acoustical ohms, and 
As • volume current, in cubic centimeters per second 

4 6 Equations 0 ! Motion 

Lagrange's equations for the four systems are as follows 
Electrical 

1 _ ^(7*- ^ + i ^ „ 

dt \dqn' dfn 2 Bqn 

where n = number independent coordinates 
Mechanical Rectilineal 

dt\dxj dxn 2 

Mechanical Rotational 

a /^\ _ a(r- F) , 1 ^ , 

dt\d-i>J d4>„ 2a0„ 

Acoustical 

d /ar\ djT- r) 1 dP _ 

dtKdxJ dXn 


413 


414 


415 

416 
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4.7. The Electrical System 


Applying Lagrange’s equation 4.13, 


e = Lqz -h rsqa 

4.17 

II 

4.18 


The electromotive force applied to the inductance and electrical re- 
sistance in series is given by equation 4.17. The electromotive force 
applied to the electrical capacitance in terms of the displacement is 
given by equation 4.18. 

The relation for the currents in Fig. 4.1 is 


h = h + h 

4.19 

Equation 4.19 may be written 


9i = ?2 + 93 or 

4.20 

9i = 92 + 93 

4.21 

4.8. The Mechanical Rectilineal System 


Applying Lagrange’s equation 4.14, 


Jm = mxz -1- TM^z 

4.22 

11 

4.23 


The force applied to the mass and mechanical rectilineal resistance is 
given by equation 4.22. The force applied to the spring in terms of the 
displacement is given by equation 4.23. 

The linear displacement, at /m, in the mechanical rectilineal system 
of Fig. 4.1 is the sum of the displacement of the mass m and the dis- 
placement of the compliance Cm- 

xi = X2 + xs 4.24 

Differentiating equation 4.24 with respect to the time the velocities 
are 


= *2 + *3 


4.25 
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4 9 The Mechanical Rotational System 

Applying Lagrange’s equation 4 15, 

Jr ** T ?3 + 4 26 

The torque applied to the flywheel and mechanical rotational resist 
ance is given by equation 4 26 The torque applied to the spring is 
given fay equation 4 27 

The angular displacement, ai/«, in the mechanical rectilineal system 
of Fig 4 1 IS the sum of the angular displacement of the flywheel I and 
the angular displacement of the rotational compliance Cr 

iPi = <^ + ^3 4 28 

Differentiating equation 4 28 with respect to the time the angular 
velocities are 

^ ^ 4 29 


4 10 The Acoustical System 
Applying Lagrange’s equation 4 16, 

p = M^3 + fA^a 

Xa 


P = 


Ca 


430 

431 


The pressure applied to the incrtance and acoustical resistance is 
given by equation 4 30 The pressure applied to the acoustical capaci 
tance m terms of the volume displacement is given by equation 4 31 
The volume displacement, at p, in the acoustical system, Fig 4 1, is 
the sum of the volume displacement of the inertance M and the volume 
displacement of the acoustic capacitance Ca 

Xi *= Ajj -f* A 3 4 32 


The volume displacement Ai is the volume displacement of the vibrat 
ing piston The vibrating piston is not a part of the acoustical system 
It IS merely the sound pressure source which produces the sound pres 
sure^i 
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Differentiating equation 4.32 with respect to the time the volume 


currents are 


-^1 = -Y2 + ^3 


4.11. Comparison of the Four Systems 

A comparison of the coefficients of equations 4.1 to 4.33, inclusive, 
shows again that resistance, inductance, and capacitance are analogous 
to mechanical rectilineal resistance, mass, and compliance in the mechan- 
ical rectilineal system, to mechanical rotational resistance, moment of 
inertia and rotational compliance in the mechanical rotational system, 
and to acoustical resistance, inertance and acoustic capacitance in the 
acoustical system. A comparison of equations 4.19, 4.25, 4.29 and 4.33 
shows that currents in the electrical system are analogous to velocities 
in the mechanical rectilineal system, to angular velocities in the mechan- 
ical rotational system, and to volume currents in the acoustical system. 

The current 13 through the inductance L and electrical resistance 
Fig. 4.1, is given by 

iz = , - v 4.34 

The total current h is given by 

e\rE+ j<>)L + TTr ) 

h = 4.35 

(re +j(oL)—r 
J^Ce 

The current i 2 through the electrical capacitance Ce is 

*2 = h ~ h — sJ^Ce 4.36 

The linear velocity *3 of the mass m and mechanical rectilineal resist- 
ance, rM, Fig. 4.1, is given by , 

^3 ~ , • 4.37 

rjvf +jo)m 

The linear velocity at /m is given by 


(tm 


JuCmJ 

1 

j<»CM 


4.38 
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The velocity ^ 2 y the difference m linear velocity between the two ends 
of the spring Cm, is given by 

X2== Xi—X3~ 4 39 

The angular velocity d >3 of the moment of inertia I and mechanical 
rotational resistance tr. Fig 4 1, is given by 


/r 


** rR +jul 
The total angular velocity at Jr is given by 


/ftlrs + 


-L.) 

JuCr/ 


(fR + JwT) 


1 


ji^Cr 

The angular velocity <t> 2 , the difference in angular velocity between the 
two ends of the spring Cr, is given by 


^\ — <h “A/wCb 


442 


The volume current ^3 through the inertance M and the acoustic 
resistance rA, Fig 4 I, is given by 

V. P 


rA +juM 

The total volume current at p 13 given by 


J^i = 


p I +^«Af + 


J-) 

juCa/ 


4 43 


444 


(xa +jaAf) 


juCa 


The volume current X 2 , the difference between the volume currents at 
the input and output to the acoustical capacitance, is 

“ '^1 ~ ^3 = PJ'^Ca 4 45 
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4.12. Electrical Inductive and Capacitive Coupled Systems of Two 
Degrees of Freedom and the Mechanical Rectilineal, Mechani- 
cal Rotational and Acoustical Analogies 


It is the purpose of this section to show two additional electrical 
arrangements of two degrees of freedom and the mechanical rectilineal,* 
mechanical rotation and acoustical analogies. 

The electrical impedances zeu ze 2 and 2:^3 in terms of the elements of 
Fig. 4.2 are as follows; 


zei = fEi +y<oZ.i + 


1 

j'uCei 


4.46 


Ze2 = 


joiCE2 


ZEZ — ^E2 + y«A2 + 7 


joiCsz 


4.47 

4.48 



MECHANICAL 

Fio. 4.2. A capacitive coupled electrical system of two degrees of freedom and the 
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph 
depicts the output response frequency characteristic. 


* For an explanation of the shunt mechanical rectilineal and mechanical rota- 
Uonal systems of Figs. 4.2 and 4.3, see pages 59, 60, 61 and 62 and Fig. 5.1 of 
Chapter V. ^ 
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The mechanical rectilineal impedances 2vi, 2^/2 and 21/3 m terms of 
the elements of Fig 4 2 ate as follows 

I 

= rjfi H -pr- 4 49 


2a/3 *= > Xr2 +/««2 *1 — 

^w 6 ji /3 


450 

451 


The mechanical rotational impedances zri, zrz and 2^3 in terms of the 
elements of Tig 4 2 are as follows 


= rx/i +jo>Ii + 


1 

^"Cri 


452 


2 R2 

2 R 3 


=, ^ 


4 53 
4 54 


The acoustical impedances 2 ^ 3 , 2 ^ 2 , and 2 a 3 m terms of the elements of 
Fig 4 2 are as follows 


2X1 ■■ rai +y«JV/i + • 

/wCUl 

4 55 

1 

2X2 “■ — TT 

ywCxa 

4 56 

2X3 « 02 '{■jaMt H TT* 

;wCx3 

4 57 


The system in Fig 4 3 is the same as that of Fig 4 2 save that the 
shunt electrical capacitance, compliance, rotational compliance and 
acoustical capacitance, Cr2, Cmz, Crj and Ca 2, are replaced by the shunt 
inductance, mass, moment of inertia and inertance L2, J2 and M2 
The shunt electrical, mechanical rectilineal, mechanical rotational and 
acoustical shunt impedances are 


2£2 ~ JUL 2 

4S8 

2lf2 = J<jn>2 

4 59 

2S2 = JUI 2 

4 60 

2X2 ~Jf^2 

4 61 
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The current in the branch zei is 

. ^(ze2 4 - Zes) 


zei^ez + ZeiZes + ZE2ZeZ 

The velocity of the mass is 

filiZMi + Zmz) 


= 


ZMiZmz + ZmiZmz + ZM2^MZ 


4.62 


4.63 


2(1 Ztj Zmi Cui Cm2 



MECHANICAL 

Fio. 4.3. An inductive coupled electrical system of two degrees of freedom and the 
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph 
depicts the output response frequency characteristic. 




The angular velocity of the moment 

. /fl(Zft2 + Zrs) 

91 = ; ; 

ZriZR 2 + ZriZrs + Z112ZRS 

The volume current of the inertance Mi is 

Vr P(.ZA2 + Zas) 




4.64 


ZA1ZA2 + ZaiZaz + Za2Za3 


4.65 
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The current in the branch zgs is 


ZetZSi + !lEI^£3 + 2 
The velocity of the mass ms is 

. /ifZUg 


+ 2Mi2M3 + 

The angular velocity of the moment of inertia I 3 is 

^ = 

^1^2 + 2ri2R3 + 2R22B3 

The volume current of the inertance M 3 is 


4 66 

467 


4 68 




P^Ai 

^At^Ai + + 2 ^ 22-13 


4 69 


The response frequency characteristic of the system is shown m 
Figs 4 2 and 4 3 


413 Electrical, Mechanical Rectilineal, Mechanical Rotational and 
Acoustical Systems of Three Degrees of Freedom 
Systems of three degrees of freedom are shown m Fig 4 4 Following 
the procedures outlined in the preceding sections it can be shown that 


Fio 44 



Electrical, mechanical reel lineal mechanical rotational and acoustical systems 
of three de^es of freedom 


Li, £ 3 , Cei, Ce 2 and re in the electrical system are equivalent to ffii, « 2 j 
C jifi, Cm 2 and ru in the mechanical rectilineal system, to I\, I 2 , Cru Crz 
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and tr in the mechanical rotational system and to Mi, M 2 , C^i, Ca 2 
and ta in the acoustical system. These equations also show that r'o. 


>u h and U in the electrical system are equivalent to xq, xi, ^ 2 , ^3 

and ^4 in the mechanical rectilineal system, to 0o> ^> 2 > ^3 and ^4 in 

the mechanical rotational system and to Yq, Xi, ^ 2 } ^3 and to X 4 in 
the acoustical system. 

The current to, the linear velocity x'o, the angular velocity ^0 and the 
volume current Yq are given by 

0 

II 

+ 2 ^ 2 ) (zss + 2 , 54 ) + 2jJ3Z^4] 

He 


4.70 


1 + ZAf2)(ZAf3 + ZAf4) + ZM3.ZMt^ 


4.71 

^0 — 

Hm 


<P0 — 

+ 2iJ2)(2iJ3 + Zr/^ + ZR2 ,Zr^ 

Hr 


4.72 

pli^Al + ZX2)(2A3 + ^Ai) + 2 ^ 32 ^ 4 ] 

Ha 


4.73 

where Zei = 

jwCei 

II 

E 

4.74 

4.75 

Ze2 =j03Li 

3 

II 

4.76 

4.77 

3 

II 

CO 


4.78 

4.79 

2E4 — Te -{• j(>iL2 

2B2 = fR jfAl2 

4.80 

4.81 

“ ywCiin 

1 

j(aCA\ 

4.82 

4.83 

2jtf2 = jtAJni 

Z 42 = iuMi 

4.84 

4.85 

M 

II 

e 

to 

3 

II 

CO 

4.86 

4.87 

Zjir4 = vm +j(Am2 

244 = ^A +^’wM2 

4.88 

4.89 
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He = 2bi2£35?B4 + + ^Ei) 4 90 

Hit = 2ifl2u32V4 + 2 Vi2A/2(2i/3 + 2^4) 4^1 

Hr = zsiZRzZRi + 2Rii:it2(TE3 -h zr^) 492 

Ha. - 2AliA3^AA + 2A12X2(®-13 + ZXl) 4 93 

The current *i, the linear vcloaty xi, the angular and the volume 
current xi are given by 

eUEli^ES + 2Bt) + Zga^Bt] 

^ 

. hl[2\fii2\t3 + Zm^Zma] 

Xi « — 4^5 

iist 

/fl(2»2(ZR3 + 2 ^ 4 ) + 2^32«4) 

•Pi 7; 4 96 

Hr 

^ ^ plZAii^Ai + 244 ) -f 2<<32^4l ^ 

Ha 

The current > 2 i the linear velocity Ar 2 , the angular velocity ^ 2 , and the 
volume current A'j are given by 

He 


*2 - - 

^2 


/MZ\tl{Znt3 + gV4) 

Hat 

/t^ifaa + 2 ^ 4 ) 
Hr 

P^Ai{Za 3 + Zaa) 

Ha 


4101 
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The current /‘a, the linear velocity ^^ 3 , the angular velocity ^>3 and the 
volume current j ?3 are given by 


eZElZEA 

^3 JT 

Me 

4.102 

^3 -TT 

Mm 

4.103 

Jr'ZRI^RA 

4.104 


4.105 

The current / 4 , the linear velocity .X' 4 , the 
volume current J ?4 are given by 

angular velocity 04 and the 

, eZE\ZEZ 

~ He 

4.106 

/mZMiZmz 

Hm 

4.107 

/«2Kl2iZ3 
<P4 - jj 

Mr 

4.108 

-,> ^2^iZ,43 

4.109 


The equations in this section show that the equations for the electri- 
cal, mechanical rectilineal, mechanical rotational and acoustical systems 
are similar and analogous. 
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CORRECTIVE NETWORKS 


5 1 Introduction 

A corrective network is a structure which has a transmission char 
acteristic that is more or less gradual in slope Such a characteristic is 
obtained when an inductance, electrical capacitance or the combination 
of both IS shunted across a line ' Another type of corrective network is 
an inductance, electrical capacitance or combination of both connected 
m senes with a Ime Resistance may be introduced as a second or third 
clement m either shunt or senes corrective networks Various types of 
resistance networks may be used as attenuators or for matching dissimi 
Ur impedances It is the purpose of this chapter to illustrate further 
analogies between electric^, mechanical rectilineal, mechanical rota 
tional, and acoustical systems having similar transmission charactenst cs 

6 2 Two Electrical, Mechamcal Rectilineal, Mechanical Rotational or 
Acoustical Impedances m Parallel 

Two electrical impedances and 252 are shown m parallel in Fig 5 1 
The electrical impedance Zet of the two electrical impedances in parallel 
IS given by 


2Bl + 2£2 

The electromotive force e across zgr is also the electromotive force 
across zst and ze 2 

The total current tr is the vector sum of the currents ti and is as 
follows 

*T = + »2 ^ ^ 

‘ The term ‘ line is used in this chapter to des gnate an electrical network 
which, prior to the introduction of the corrective network, consisted of a gen 
crator in senes with two elcctrcal impedances, termed the input and output 
electrical impedances 


58 
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If ze 2 js made infinite the current 12 in this branch is zero and the total 
current flows in zei, that is, h = < 1 . In the same way if zei is made 
infinite the current /‘i in this branch is zero and the total current flows 
in ze 2 , that is, ir — h- 

The mechanical rectilineal system, Fig. 5.1, consists of a system of 
rigid massless levers and links with frictionless bearings at the connecting 


I rzi^- 

I 

ELECTRICAL 


ri 1 1 

2mt 

1 4 



2 5 


N 

E 

N> 

• 


77 


•2 

RECTILINEAL 


P^AT^T p P^l^Al 

Zaz 


ACOUSTICAL 



Fig. 5.1. Two electrical impedances connected in parallel and the mechanical rectilineal, 
mechanical rotational and acoustical analogies. 


points. The member i, 2, 5 is a lever or inflexible rod. The member 
4, 5, 6 is also a lever or inflexible rod. The bearing 6 at the lower end of 
the lever 4, 5, 6 is connected to a rigid support. The driving force is 
connected by a link to point 1 on the lever 1, 2, 3. The link 2, 5 connects 
the mid point of the lever 1, 2 , 3 with the mid point of the lever 4, 5, 6. 
A link connects the impedance zmz to point 3 of the lever i, 2, 3. A link 
connects the impedance z^i to 4 of the lever 4, 5, 6. 

Since the levers and links are massless and rigid the same force /m 
exists at points 4 and 3 for driving the mechanical impedances zm\ and 
2 jir 2 at these points. This is analogous to the same electromotive force 
across the impedances Zei and ze 2 in the electrical circuit. 
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The linear displacement at / (for small amplitudes) is equal to the 
vector sum of the displacements and *2 of points 3 and 4, respectively 
xr = xi+X2 53 

Differentiating equation 5 3, 

XT = Xl-{-X2 54 

That IS, the linear velocity xt at I is equal to the vector sum of the linear 
velocities xi and ;f 2 at points 4 and 3, respectively Equation 5 4 is 
analogous to equation 5 2 for the electrical system 

Since the same force /u exists at points 3 and 4 as the driving point 
and further since the velocity at 1 is the vector sum of the velocities at 
points 3 and 4, the mechanical impedances 21/2 and 21/1 at points 3 and 4, 
respectively, must be m parallel That is, the mechanical impedance 

ZVT = T 5 5 

Zj/l + Zl/2 

If 2 i /2 is made infinite there can be no motion at point 3 and therefore 
the system behaves the same as if zin were connected to the point I 
In the same way if 2 iri is made infinite there is no motion at point 4 and 
the system behaves the same as if 21/2 were connected directly to the 
point i 

The mechanical rotational system. Fig 5 1, consists of a system of 
planetary * gears The diameters of gears I and 2 are equal The inside 
diameter of the large gear 3 is three times the gears 1 and 2 The outside 
diameter of the gear 4 is three times that of gear 5 The diameter of 
gear 6 is four times that of gear 7 Gear Z is free to rotate on its shaft 

* Practically all rotational systems which connect two mechanical rotational 
systems in paralld are of the epicychc tram type In this bexjk the planetary 
system is used to depict and illustrate a rotational system which connects me 
chanical rotational impedances m parallel There are other examples of epicyclic 
trams which connect mechanical rotational impedances m parallel, as for ex 
ample, the differential used in autimiobiles and tractors, shown schematically m 
F g 5 Ivf The gear Z is keyed to the shaft/ The gear 2 dnves thennggear 3 
The gears 4 and 9 rotate on bearings m the nng gear 3 The ring gear 3 rotates 
freely on the shaft 5 Gears.^and.Pdnjte-rhe.ig'ar.s.CanrL^ Qn.ar.s. 4. and.6. are 
keyed to the shafts 7 and 8, respectively TTie diameter of gear 2 is one half of 
the diameter of ring gear 3 With these specifications the differential of Fg 
5 \A performs the same function as the planetary system of Fig 5 1 with the 
same relations existing between/*, zrt, zr\ and Zr-> in both illustra 

tions 
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The large gear 3-4 is free to rotate with its axis coincident with gear 1. 
The remainder of the gears are keyed to the respective shafts. Under 
these conditions if gear 7 is held stationary the angular displacement of 
gear 5 is the same as the driving gear i. Or if 5 is held stationary the 
angular displacement of gear 7 is the same as the driving gear 1. In all 
the considerations which follow it is assumed that the ratios for the 


L 

<i>2 


END VIEW plan VlCW 

Fig. S.lyf. Differential gear train which connects two mechanical rotational impedances 
in parallel. This system accomplishes the same results as the planetary system of 
Fig. 5.1. 

various gears are as outlined above. In addition it is assumed that all 
the gears are massless and that all the bearings are frictionless. 

Since the gears are massless, the torque at gears 7 and 5 for driving the 
rotational impedances z^i and zr< 2 , is the same as the applied torque. 
This is analogous to the same electromotive force across the impedances 
Z£i and %E 2 in the electrical circuit. 

The angular displacement 4>T at gear 1 is equal to the vector sum of the 
angular displacement at <^>i and (f >2 of the gears 7 and 5, respectively. 

5.6 

Differentiating equation 5.6, 

= ^»i + ^2 5.7 

That is, the angular velocity at 1 is equal to the vector sum of the 
angular velocities 4>2 and <f)i at the gears 5 and 7, respectively. Equation 
5.7 is analogous to equation 5.2 for the electrical system. 
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Since the same torque/ij exists at gears 5 and 7 as the dnving point 
and, further, since the angular veloaty at gear 1 is the vector sum of the 
angular velocities at gears 5 and 7, the rotational impedances zr 2 and 
zjii at gears 7 and S, respectively, must be in parallel That is, the mcchaa 
ical rotational impedance zjtr at gear 1 is 


2Rr =* 


2 Si + 2^3 
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If zr 2 is made infinite there can be no motion at gear 5 and therefore 
the system behaves the same as if zm were connected to the shaft of 
gear J In the same way, if Zjn is made infinite there is no motion at 
gear 7 and the system behaves the same as if 252 were connected directly 
to the shaft of gear i 

The acoustical system of Fig 5 1 consists of a three way connector 
The dimensions are assumed to be small compared to the wavelength 
Therefore, the pressure which actuates the two acoustical impedances is 
the same as the driving pressure The total volume current Xj is the 
vector sum of the volume current Xi and A'g, that is 

Xt-Xi + Xz 59 


Equation 5 9 is analogous to equation 5 2 for the electrical system 
The input acoustical impedance is 


2.<ir 


ZaiZaz 

2X1 + 2X2 


510 


IfzA 2 IS made infinite, there is no volume current in this branch andcf 
course zat becomes za\ In the same way if Zai is made infinite zat 
becomes 2 x 2 Thus it will be seen that the acoustical system of Fig S 1 
IS analogous to the electrical system of Fig 5 1 


5 3. Shunt Corrective Networks 

In a shunt corrective electrical network an electrical resistance, induct 
ance, electrical capacitance or a combination of these elements is shunted 
across a line * 

* The term line” is used to designate an electrical network which prior to die 
introduction of the corrective electrical network consisted of a generator in 
senes with two clectncal impedances Zei and Zjj termed the input and output 
ctcctncal unpedances The shunt correcuve electrical network ZEt is connected 
in parallel with the output elcctncal imp^ance zn 
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The output current /'a of a line shunted by an electrical network is 
given by 

. ^E2 

*3 — ; j 

ZjEiZ£2 + ZeiZes + ZezZeS 


5.11 


where Zei = input electrical impedance, 

ze 2 = electrical impedance of the corrective electrical network, 

= output electrical impedance, or the electrical impedance 
connected in shunt with the network, and 
e = electromotive force in series with the input electrical imped- 
ance. 


The output velocity .Jfg of a mechanical rectilineal network which is 
analogous to the shunt electrical network is given by 


^3 = 


/i\IZM2 

ZMiZM2 + ZmiZMZ + Zm^ZMZ 


5.12 


where zji/i = input mechanical rectilineal impedanc e, 

zm 2 = mechanical rectilineal impedance of the corrective mechani- 
cal rectilineal network, 

Zmz = output mechanical rectilineal impedance, and 
/jif = mechanical driving force in series with the input mechanical 
rectilineal impedance. 

The output angular velocity ^3 of a mechanical rotational network 
which is analogous to the shunt electrical network is given by 

^3 = , 5.13 

ZriZrz + ZriZrz + Zr2ZR2 

where zri = input mechanical rotational impedance, 

Zr 2 = mechanical rotational impedance of the corrective mechan- 
ical rotational network, 

Zrz = output mechanical rotational impedance, and 
Jr — driving torque in series with the input rotational imped- 
ance. 
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The output volume current ^3 of an acoustical network which is 
analogous to the shunt electrical network is given by 






Zax^A% + ”AX^KZ + 2X2-X3 


514 


where Sxi = input acoustical impedance, 

2^2 = acoustical impedance of the corrective network, 

2^3 = output acoustical impedance, and 
p = driving pressure m series with the input acoustical imped 
ance 


5 4 Inductance in Shunt with a Line and the Mechanical Rectilineal, 
Mechanical Rotational and Acoustical Analogies 

In Fig 5 2 an inductance is shunted across a line The electrical 
impedance of an inductance is 

515 

where u = IffJ, 

/ - frequency, in cycles per second, and 
L a inducta ice, m abhennes 

Equations 5 II and 5 15 show that if the electrical impedance of the 
inductance is small compared to the input and output electrical imped 
ances, the transmission will be small If the electrical impedance of the 
inductance is large compared to the input and output electrical imped 
ances, the attenuation introduced by the inductance will be negligible 
Since the electrical impedance of an inductance is proportional to the 
frequency , the transmission will increase with frequency as shown by the 
characteristic * of Fig 5 2 

The mechanical rectilineal impedance of the mass m Fig 5 2 is 

z\i2 = jum 516 

where m = mass, m grams 

\\hen the mass reactance in the mechanical rectilineal system of Fig 
5 lissmaUtompaTed to tVie load or driving mechanical rectilineal imped 

• The \ erbal description and the depicted transmission frequency character 
isncs in this chapter tacitly assume preponderalely resistive input and output 
impedances Of course the equations are valid for any kind of input and out 
put impedances 
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ance, equations 5.12 and 5.16 show that the velocity of the mass will be 
relatively large and there will be very little velocity transmitted to the 
load. If the mass reactance is comparatively large the mass will remain 
practically stationary and the behavior will be the same as a directly 
coupled system. Since the mechanical rectilineal impedance of a mass is 
proportional to the frequency, the transmission will increase with fre- 
quency as shown by the characteristic of Fig. 5.2. 



ROTATIONAL 

MECHANICAL 


Fio. 5.2. Inductance in shunt with a line and the mechanical rectilineal, mechanical 
rotational and acoustical analogies. The graph depicts the transmission frequency 
characteristic. 

The mechanical rotational impedance of the flywheel in Fig. 5.2 is 

Zie2 = 5.17 

where I = moment of inertia. In gram (centimeter)^. 

When the moment of Inertia reactance in the mechanical rotational 
system of Fig. 5.2 is small compared to the load or driving mechanical 
rotational impedance, equations 5.13 and 5.17 show that the angular 
velocity of the flywheel will be relatively large and there will be very 
little angular velocity transmitted to the load. If the moment of inertia 
reactance is comparatively large the flywheel will remain practically sta- 
tionary and the behavior will be the same as a directly coupled system. 
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Since the mechanical rotational impedance of a moment of inertia is 
proportional to the frequency, the transmission will increase with fre 
quency as shown by the characteristic of Fig 5 2 

The acoustical system of Fig 5 2 consists of a pipe with a side branch 
forming an mertance The acoustical impedance of the inertance in 
Fig 5 2 IS 

Za2 ~ 5 18 

where M — inertance, m grams per (centimeter)* 

Equations 5 14 and 5 18 show that at low frequencies the acoustical 
reactance of the inertance is small compared to the acoustical impedance 
of the pipe and the sound is shunted out through the hole At high fre 
quencies the acoustical reactance of the inertance is large compared to 
the acoustical impedance of the pipe and the sound wave flows down the 
pipe the same as it would m the absence of a branch Since the acoustical 
impedance of an mertance is proportional to the frequency, the transmis 
Sion will increase with frequency as shown by the characteristic of 
Fig 5 2 


6 6 Electrical Capacitance m Shunt with a Lme and the Mechanical 
Rectilineal, Mechanical Rotational and Acoustical Analogies 
In Fig 5 3 an electrical capacitance is shunted across a line The 
electrical impedance of an electrical capacitance is 


1 

juCe 
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where Ce = electrical capacitance, in abfarads 


The electrical reactance of an electrical capacitance is inversely propor 
tional to the frequency Therefore, from equations 511 and 5 19 the 
transmission will decrease with increase in frequency as shown by the 
characteristic of Fig 5 3 

The mechanical rectilineal tmiyedanm a£ tJwt cwnjfJjan/vi. 'JQ. Fi^ 5 3 is 


where Cm = compliance, m centimeters per dyne 


520 
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The mechanical rectilineal reactance of the compliance of the recti- 
lineal system. Fig. 5.3, is inversely proportional to the frequency. Equa- 
tions 5.12 and 5.20 show that at low frequencies the velocity at the input 
to the compliance will be small and the behavior will be practically the 
same as that of a directly coupled system. At high frequencies the 
velocity of the compliance will be practically the same as the input 
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Fig. 5.3. Electrical capacitance in shunt with a line and the mechanical rectilineal, 
mechanical rotational and acoustical analogies. The graph depicts the transmission 
frequency characteristic. 


velocity and there will be very little velocity transmitted to the load. 
The transmission characteristic of this system obtained from equations 
5.12 and 5.20 is shown in Fig. 5.3. 

The mechanical rotational impedance of the rotational compliance 
of Fig. 5.3 is 


1 


ZR2 — 




5.21 


where Cjj = rotational compliance, in radians per dyne per centimeter. 

The mechanical rotational impedance of the rotational compliance of 
the mechanical rotational system of Fig. 5.3 is inversely proportional to 
the frequency. Equations 5.13 and 5,21 show that at low frequencies 
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the angular velocity at the input to the rotational compliance will be 
small and the behavior will be practically the same as that of a directly 
coupled system At high frequencies the angular velocity of the rota 
tional compliance will be the same as the input angular velocity and 
there will be very little angular velocity transmitted to the load The 
transmission characteristic of this system obtained from equations 5 13 
and 5 21 is shown m Fig 5 3 

The acoustical system of Fig 5 3 consists of a pipe with an enlarged 
portion forming an acoustical capacitance The acoustical impedance of 
an acoustical capacitance is 


^ I 

juCa 
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where Ca *= acoustical capacitance, in (centimeter)® per dyne 

At low frequencies the acoustical reactance of the acoustical capaci 
tance is large compared to the impedance of the pipe and the sound 
flows down the pipe the same as it would in the absence of the enlarge 
ment At high frequencies the acoustical reactance of the acoustical 
capacitance is small compared to the acoustical impedance of the pipe 
and the sound is shunted out by the enlargement Since the acoustical 
reactance is inversely proportional to the frequency, equations 5 14 and 
5 11 show that the transmission will decrease wnh frequency as shown by 
the characteristic of Fig 5 3 


6 6 Inductance and Electrical Capacitance in Senes, m Shunt with a 
Line and the Mechanical Rectilineal, Mechanical Rotational and 
Acoustical Analogies 

Fig 5 4 shows an inductance and electrical capacitance connected 
in senes across a line The mechanical rectilineal, mechanical rota 
tional, and acoustical analc^es are also shown in Fig 5 4 
The electrical impedance of the electrical network is 


= taC + - — — 


523 


where L = inductance, m abhennes, and 

Ce = electrical capacitance, in abfarads 

The output current can be obtamed from equations 5 1 1 and 5 23 
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The mechanical rectilineal impedance of the mechanical rectilineal 


system is 


zjj/2 = + 


1 

JuCm 


5.24 


where m = mass, in grams, and 

Cm = compliance, in centimeters per dyne. 

The output velocity can be obtained from equations 5.12 and 5.24. 
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Fio. 5.4. Inductance and electrical capacitance in series, in shunt with a line and the 
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph 
depicts the transmission frequency characteristic. 


The mechanical rotational impedance of the mechanical rotational 
system is 

zr2 = J(>>I + : 5.25 

JoiCii 


where I = moment of inertia, in gram (centimeter)^, and 

Cr = rotational compliance, in radians per dyne per centimeter. 

The output angular velocity can be obtained from equations 5.13 and 
5.25. 
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The acoustical impedance of the acoustical system is 

where M « mertance, m grams per (centimeter)^ and 

Ca = acoustical capacitance, m (centimeter)® per dyne 
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The output volume current can be obtained from equations S 14 and 
5 26 

At low frequencies the four systems behave the same as those of 
Fig 5 3 and there is very little attenuation At high frequencies the 
systems behave the same as those of Fig 5 2 and there is very little 
attenuation At the resonant frequency of the inductance and the elec 
tncal capacitance the electrical impedance is zero and equations 5 11 and 
5 23 show that there is no transmission at this frequency At the reso- 
nant frequency of the mass and compliance no motion is transmitted be 
cause the force required to drive the resonant system is zero Equations 

5 12 and 5 24 also show that there is no transmission at the resonant 
frequency of the mass and compliance At the resonant frequency of the 
moment of inertia and rotational compliance no angular motion is trans 
mitted because the torque required to actuate the resonant system is 
zero Equations 5 13 and S 25 also show that there is no transmission at 
the resonant frequency of the moment of inertia and rotational compli 
ance At the resonant frequency of the mertance and acoustical capaci 
tance there will be no transmission because the pressure at the input to 
the resonator is zero Equations 5 14 and 5 26 also show that there is no 
transmission at the resonant frequency of the mertance and acoustical 
capacitance The transmission characteristics of the four systems are 
shown in Fig 5 4 

6 7 Inductance and Electrical Capacitance in Parallel, m Shunt with 

a Lme and the Mechaxucal Rectilineal, Mechanical Rotational and 
Acoustical Analogies 

Fig 5 5 shows an inductance and electrical capacitance connected m 
parallel across a line The mechanical rectilineal, mechanical rotational 
and acoustical equivalents are also shown in Fig 5 5 ^ 
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The electrical impedance of the electrical network of Fig. 5.5 is 

juL 


ZE2 = 


1 — u^LCe 


where L = inductance, in abhenries, and 

Ce = electrical capacitance, in abfarads. 

The output current can be obtained from equations 5.11 and 5.27. 
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Fig. S.S. Inductance and electrical capacitance in parallel, in shunt with a line and the 
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph 
depicts the transmission frequency characteristic. 

The mechanical rectilineal impedance of the mechanical rectilineal 
system of Fig. 5.5 is 


ZM2 = 


1 — (>?7nCM 


where m = mass, in grams, and 

Cm = compliance, in centimeters per dyne. 

The output velocity can be obtained from equations 5.12 and 5.28. 
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The mcchanjcal rotational impedance of the mechanical rotational 
systtm of Fig 5 5 is 

529 


* 1 • 




where I — moment of inertia, m gram (centimeter)^, and 

Cr = rotational compliance, m radians per dyne per centimeter 

The output angular velocity can be obtained from equations 5 13 and 
5 29 

The acoustical impedance of the acoustical system of Fig 5 5 is 


juM 


530 


where M « inertance, m grams per (centimeter)*, and 

CU *= acoustical capacitance, in (centimeter)® per dyne 

The output volume current can be obtained from equations 5 14 and 
5 30 

At low frequencies the systems behave the same as those of Fig 52 
and the transmission is small At high frequencies the systems behave 
the same as those of Fig 5 3 and the transmission is again small At the 
resonant frequency of the inductance and electrical capacitance the elec 
trical impedance is infinite and equations 5 II and 5 27 show that the 
shunt circuit introduces no attenuation at the resonant frequency At 
the resonant frequency of the mass and compliance the input to the 
spring does not move because the mechanical rectilineal impedance is 
infinite and the behavior is the same as a directly coupled system Equa 
tions 5 12 and 5 28 also show that there is no attenuation due to the 
shunt system at the resonant frequency of the mass and compliance At 
the resonant frequency of the moment of inertia with the rotational com 
phance the input to the spring will not turn because the mechanical rota 
tional impedance is infinite and the behavior is the same as a directly 
coupled system Equations 5 13 and 5 29 also show that there ts no 
attenuation doe to the shunt system at the resonant frequency At the 
resonant frequency of the inertance and acoustical capacitance the input 
volume current is tero because the acoustical impedance is infinite and 
the behavior is the same as a plain pipe Equations 5 14 and 5 30 also 
show that there is no attenuation due to the shunt system at the reso* 
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nant frequency. The transmission characteristics of the four systems 
are shown in Fig. 5.5. 

6.8. Electrical Resistance, Inductance and Electrical Capacitance in 
Series, in Shunt with a Line and the Mechanical Rectilineal, 
Mechanical Rotational and Acoustical Analogies 

Fig. 5.6 shows an electrical resistance, inductance and electrical capac- 
itance in series, in shunt with a line. The mechanical rectilineal, mechan- 
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Fig. 5.6. Electrical resistance, inductance and electrical capacitance in series, in shunt 
with a line and the mechanical rectilineal, mechanical rotational and acoustical analogies. 
The graph depicts the transmission frequency characteristic. 


ical rotational and acoustical analogies are also shown in Fig. 5.6. The 
electrical impedance of the electrical network is 

ze2 = rE d-jw/i -f . 5.31 

juCe 

where te = electrical resistance, in abohms, 

L = inductance, in abhenries, and 
Ce ~ electrical capacitance, in abfarads. 

The output current can be obtained from equations 5.11 and 5.31. 
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The mechanical rcctilmea! impedance of the mechanical rectilineal 
system js 

2vfa = ru 5.32 

where rjtt — mechanical rectilineal resistance, m mechanical ohms, 
m = mass, in grams, 

Cv — compliance, m centimeters per dyne 

The output velocity can be obtained from equations 5 12 and 532 
The mechanical rotational impedance of the mechanical rotational 
system is 

where tr = mechanical rotational resistance, m rotational ohms, 

2 « moment of inertia, m gram (centimeter)^, and 
Cft = rotational compliance, mradiansperdyne per centimeter 

The output rotational velocity can be obtained from equations 5 13 
and 5 33 

The acoustical impedance of the acoustical system is 

2^3 *“ ru H ^ 534 

JuLa 

where « acoustical resistance, m acoustical ohms, 

A/ = inertancc, m grams per (centimeter)*, and 
Cx = acoustical capacitance, in (centimeter)® per dyne 

The output volume current can be obtained from equations 5 14 and 
5 34 

At low frequencies the systems behave the same as those of Fig 5A 
and there is very little attenuation At high frequencies the systems 
behave the same as those of Fig S 2 and there is very little attenuation 
At the resonant frequency of the inductance and electrical capacitance 
the electrical reactance is zero Therefore, from equations 5 II and 5J1 
the transmission as influenced by the network is governed by the elec- 
trical resistance At the resonant frequency of the mass and comphanw 
the mechanical rectilineal reactance is zero Therefore, from equations 
5 12 and 5J2 the transmission as influenced by the mechanical rectilineal 



THREE PARALLEL ELEMENTS 


75 


system is governed by the mechanical rectilineal resistance. At the 
resonant frequency of the moment of inertia and rotational compliance 
the mechanical rotational reactance is zero. Therefore, from equations 
5.13 and 5.33 the transmission as influenced by the mechanical rotational 
system is governed by the mechanical rotational resistance. At the 
resonant frequency of the inertance and acoustical capacitance the 
acoustical reactance is zero. Therefore, from equations 5.14 and 5.34 
the transmission as influenced by the acoustical system is governed by 
the acoustical resistance. The transmission characteristic of these sys- 
tems is shown in Fig. 5.6. This characteristic at the high and low fre- 
quencies is the same as that of Fig. 5.4. However, in the region of reso- 
nance the resistance in each of the four systems decreases the attenua- 
tion as depicted by the transmission characteristic of Fig. 5.6. 


6.9. Electrical Resistance, Inductance and Electrical Capacitance in 
Parallel, in Shtmt with a Line and the Mechanical Rectilineal, 
Mechanical Rotational and Acoustical Analogies 

Fig. 5.7 shows an electrical resistance, inductance and electrical capaci- 
tance connected in parallel across a line. The mechanical rectilineal, 
mechanical rotational and acoustical analogies are also shown in Fig. 5.7. 
The electrical impedance of the electrical network is 


Z£2 


jaVEL 

ve — w^teLCe jo}L 


5.35 


where ve = electrical resistance, in abohms, 

L — inductance, in abhenries, and 
Ce = electrical capacitance, in abfarads. 

The output current can be obtained from equations 5.11 and 5.35. 
The mechanical rectilineal impedance of the mechanical system is 


ZJU2 


jo^rum 

rjvf — u^rMtnCM +j(»m 


5.36 


where tm = mechanical rectilineal resistance, in mechanical ohms, 
m = mass, in grams, and 
Cm = compliance, in centimeters per dyne. 

The output velocity can be obtained from equations 5.12 and 5.36. 
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The mechanical rotational impedance of the rotational system is 

, 

ra ~ wVa/Cjj 

where ra = mechanical rotational resistance, in rotational ohms, 

I ss moment of tnertia, in gram (centimeter)', and 
Cr = rotational compliance, in radians per dyne per centimeter. 
The output rotational velocity can be obtained from equations 5 13 
and 5.37. 



The graph depicts the transnussion frequency characteristic. 

The acoustical impedance of the acoustical system is 
jujr/iM 


538 


rA. — + }<aM 

where rx = acoustical resistance, in acoustical ohms, 

M = mertance, in grams per (centimeter)*, and 
Cx = acoustical capacitance, in (centimeter)® per dyne. 

The output volume current can be obtained from equations 5.14 and 
5.38. 
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At low frequencies the systems behave the same as those of Fig. 5.2 
and the transmission is small. At high frequencies the systems behave 
the same as those of Fig. 5.3 and the transmission is again small. At the 
resonant frequency the electrical reactance is infinite and therefore from 
equations 5.11 and 5.35 the attenuation is due to the electrical resistance. 
At the resonant frequency of the mass and compliance, Fig. 5.7, the 
mechanical rectilineal reactance is infinite and therefore from equations 
5.12 and 5.36 the attenuation is due to the mechanical rectilineal resist- 
ance. At the resonant frequency of the moment of inertia and rotational 
compliance. Fig. 5.7, the mechanical rotational reactance is infinite and 
from equations 5.13 and 5.37 the attenuation is due to the mechanical 
rotational resistance. At the resonant frequency of the inertance and 
acoustical capacitance. Fig. 5.7, the acoustical reactance is infinite and 
from equations 5.14 and 5.38 the attenuation is due to the acoustical 
resistance. The transmission characteristic of these systems is shown in 
Fig. 5.7. This characteristic at the low and high frequencies is the same 
as that of Fig. 5,5. However, in the region of resonance the resistance in 
each of the four systems introduces attenuation as depicted by the 
transmission characteristic of Fig. 5.7. 

6.10. Series Corrective Networks 

In a series electrical network an electrical resistance, inductance, elec- 
trical capacitance or a combination of these elements is connected in 
series with a line.® 

The output current of a line containing a series electrical network is 
given by 

^3 = 5.39 

ZBI + + Z£3 

input electrical impedance, 

electrical impedance of the corrective electrical network, 
output electrical impedance, and 

electromotive force in series with the three electrical im- 
pedances. 

®The term “line” is used to designate an electrical network which prior to 
the introduction of the corrective electrical network consisted of a generator in 
series with two electrical impedances zei and zez, termed the input and output 
electrical impedances. The series corrective electrical network ze 2 is connected 
in series with the input and output electrical impedances zei and zez . 


where zei = 
Z£2 = 
2£3 = 
e = 
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The output velocity xg of a mechanical rectilineal network which is 
analogous to the senes electrical network is given by 

X3 = - — T'~~TZ — 5 40 

+ 2\f3 + 

where zj/i = input mechanical rectilineal impedance, 

ZM 2 - mechamcal rectilineahmpedance of the corrective mechati- 
ical rectilineal network, 

Zii 3 =® output mechamcal rectilineal impedance, and 

» mechanical driving force in senes with mechanical imped 
ances 

The output angular velocity ^ of a mechanical rotational network 
which is analogous to the senes electrical network is given by 


A 

?Rl + 2«2 + ZX3 


where =■ input mechanical rotational impedance, 

2 X 2 “ mechanical rotational impedance of the corrective mechani 
cal rotational network, 

zsa *» output mechanical rotational impedance, and 
/x = rotational driving torque m series with the mechanical 
impedances 

The output volume current X 3 of an acoustical network which is 
analogous to the series electrical network is given by 


jfj- — J42 

Zxi + 2*2 + 2X3 

where zxi — input acoustical impedance, 

2 X 2 *= acoustical impedance of the corrective acoustical network, 
2X3 = output acoustical impedance, and 
p = driving pressure in senes with the acoustical impedances 


5 11 Inductance m Series with a Lme and the Mechanical Rectilineal, 
Mechanical Rotational and Acoustical Analogies 
In Fig 5 8 an inductance is connected in senes with a line The elec 
trical impedance of the inductance is 

Zbz = jaL. 543 

where L ~ inductance, in abhenries 
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Equations 5.39 and 5.43 show that if the electrical impedance of the 
inductance is small compared to the input and output electrical imped- 
ances the attenuation introduced by the inductance will be small. If the 
electrical impedance of the inductance is large compared to the input 
and output electrical impedances the current transmission will be small. 
Since the electrical impedance of an inductance is proportional to the 
frequency, the transmission will decrease with frequency as shown in 
Fig. 5.8. 
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Fig. 5.8. Inductance in series with a line and the mechanical rectilineal, mechanical 
rotational and acoustical analogies. The graph depicts the transmission frequency 
characteristic. 

The mechanical rectilineal impedance of the mass in Fig. 5.8 is 

~ 5.44 

where m — mass, in grams. 

In the mechanical rectilineal system of Fig. 5.8 equations 5.40 and 
5.44 show that if the mass reactance is small compared to the load or 
driving mechanical rectilineal impedance the addition of the mass will 
cause very little reduction in the velocity transmitted to the load. If 
the mass reactance is comparatively large the mass will remain practi- 
cally stationary and the velocity transmitted to the load will be small. 
Since the mechanical rectilineal impedance of a mass is proportional to 
the frequency, the transmission will decrease with frequency as shown by 
the characteristic of Fig. 5.8. 

The mechanical rotational impedance of the flywheel in Fig. 5.8 is 
where 1 = moment of inertia, in gram (centimeters)^. 


5.45 
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In the mechanical rotational S)rstcm o/ Fig 5 8 equations 5 41 and 5 45 
show that if the moment of mertia reactance is small compared to the 
load or dnving mechanical rectilineal impedance the addition of the mo- 
ment of inertia will cause very htde reduction in the angular velocity 
transmitted to the load If the moment of inertia reactance is compara 
tively large the flynvheel will remain practically stationary and the vcloc 
ity transmitted to the load will be small Since the mechanical rotational 
impedance of a moment of inertia is proportional to the frequency, the 
transmission will decrease with frequency as shown by the characterist c 
of Fig 5 48 

The acoustical system of Fig 5 8 consists of a pipe with a constriction 
which forms an inertance The acoustical impedance of the inertance m 
Fig 5 8 IS 

Zj2 — 546 

where Af «= inertance, m grams per (centimeter)^ 

Equations 5 42 and 5 46 show that at the low frequencies where the 
acoustical impedance of an inertance is small compared to input and out 
put acoustical impedances the attenuation introduced by the inertance 
18 small At the high frequencies the acoustical impedance of the inert 
ance is large and the transmission is small Since the acoustical imped 
ance of an inertance is proportional to the frequency the transmission will 
decrease with frequency as shown by the characteristic of Fig 5 8 

6 12 Electrical Capacitance m Senes with a Line and the Mechanical 
Rectilmeal, Mechanical Rotational and Acoustical Analogies 
In Fig 5 9 an electrical capacitance is connected in senes with a line 
The electncal impedance of the electrical capacitance of Fig 5 9 is 
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where Ce ~ electrical capacitance, in abfarads 

Equation 5 39 shows that jf the electncal impedance of the electncal 
capacitance is large compared to the input or output electrical imped 
ances, the attenuation introduced by the electncal capacitance will lie 
large If the electrical impedance of the electrical capacitance is small 
compared to the input and output dectncal impedances the attenuatwri 
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will be small. Since the electrical impedance of an electrical capacitance 
is inversely proportional to the frequency, as shown by equation 5.47, 
the transmission will increase with frequency as shown in Fig. 5.9. 

The mechanical rectilineal impedance of Fig. 5.9 is 


1 


ZM2 = 




5.48 


where Cm = compliance, in centimeters per dyne. 
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Fig. S.9. Electrical capacitance in series with a line and the mechanical rectilineal, 
mechanical rotational and acoustical analogies. The graph depicts the transmission 
frequency characteristic. 


Equation 5.48 shows that the mechanical impedance of the compliance 
of the mechanical rectilineal system of Fig. 5.9 is inversely proportional 
to the frequency. Equations 5.40 and 5.48 show that at low frequencies 
the input velocity to the compliance is relatively small and there will be 
little transmission. At high frequencies the input velocity to the compli- 
ance is relatively large and therefore it introduces very little impedance 
to motion. Therefore the transmission characteristic will be shown in 
Fig. 5.9. 

The mechanical rotational impedance of Fig. 5.9 is 


ZR2 


1 


5.49 


where Cr = rotational compliance, in radians per dyne per centimeter. 




82 


CORRECTIVE NETWORKS 


Equation S 49 shows that the mechanical rotational impedance of the 
rotational compliance of the mechanical rotational system of Fig 59is 
inversely proportional to the frequency Equations 5 41 and 5 48 show 
that at the low frequencies the input angular velocity to the rotabotial 
compliance is relatively small and the transmission is low At the high 
frequencies the angular velocity of the rotational compliance is relatively 
large and it introduces very little impedance to motion Therefore the 
transmission characteristic will be as shown Jn Fig 5 9 
There is no simple purely acoustical system which is analogous to an 
electrical capacitance m senes with a line The analogy shown in Fig 
5 9 consists of a stiffness controlled diaphragm, that is, the mass of the 
diaphragm is small and the stiffness high so that the frequency range 
under consideration is well below the natural resonant frequency of the 
diaphragm and suspension The acoustical capacitance of this system is 
Ca=CmS=* 550 

where CU = acoustical capacitance, in (centimeter)* per dyne, 

Cm * compliance of the suspension system, in centimeters per 
dyne and 

S = area of the diaphragm, in square centimeters 
The acoustical impedance of Fig 5 9 is 


1 
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where Cx = acoustical capacitance of equation 5 50 
It will be seen that this system will not transmit a steady flow of a gas 
m the same way that the dectneal circuit of Fig S 9 will not transin t 
direct current Equation 5 51 shows that the acoustical impedance of an 
acoustical capacitance is inversely proportional to the frequency Equa 
tions 5 42 and 5 51 show that the transmission will increase with increase 
of the frequency as shown by the characteristic of Fig 5 9 


6 13 Inductance and Electrical Capacitance in Senes with a Line and 
the Mechanical Rectilineal, Mechanical Rotational, and Acous 
tical Analogies 

Fig 5 10 shows an inductance and acoustical capacitance connected m 
senes with a line The mechanical rectilineal, mechanical rotational and 
acoustical analogies are also shown in Fig 5 10 
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The electrical impedance of the electrical network of Fig. 5.10 is 


2^2 = - 5.52 

juLe 

where L = inductance, in abhenries, and 

Ce = electrical capacitance, in ab/arads. 

The output current can be obtained from equations 5.39 and 5.52. 
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Fio. 5.10. Inductance and electrical capacitance in series with a line and the mechanical 
rectilineal, mechanical rotational and acoustical analogies. The graph depicts the 
transmission frequency characteristic. 

The mechanical rectilineal impedance of the mechanical rectilineal 
system of Fig. 5.10 is ^ 

zm 2 = + ~r-pr 5.53 

where m = mass, in grams, and 

Cm — compliance, in centimeters per dyne. 

The output velocity can be obtained from equations 5.40 and 5.53. 
The mechanical rotational impedance of the mechanical rotational 
system of Fig. 5.10 is ^ 

Zr 2 = joil + T-TT 5.54 

Jc^Cr 

where I = moment of inertia, in gram (centimeter)^, and 

Cr = rotational compliance, in radians per dyne per centimeter. 
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The output angular veloaty can be obtained from equations 5 41 and 
5 54 


The acoustical impedance of the acoustical system of Fig 5 10 is 


where M 

Ca 


* inertancc, m grams per (centimeter)^ and 
«= acoustical capacitance, in (centimeter)® per dyne 
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The expression for the acoustical capacitance is given by equation 5 50 

The output volume current can be obtained from equations 5 42 and 
5 55 

At low frequencies the four systems behave the same as those of Fig 
5 9 and the transmission js small At high frequencies the systems 
behave the same as those of Fig 5 8, and again the transmission is smil! 
At the resonant frequency of the inductance and electrical capacitance 
the electrical impedance of these two elements m senes is zero and equa 
tions 5 39 and 5 52 show that the senes circuit introduces no attenuation 
At the resonant frequency of the mass and uomphance the force required 
to drive the resonant system is zero and therefore the attenuation intro- 
duced by the system is zero Equations 5 40 and 5 53 also show that the 
attenuation is zero at the resonant frequency of the mass and compliance 
Ac the resonant frequency of the moment of inertia and rotational com 
pliance the torque required to drive the resonant system is zero and 
therefore the attenuation introduced by the system is zero Equations 
5 41 and 5 54 also show that the attenuation is zero at the resonant fre 
quency of the moment of inertia and rotational compliance At the reso- 
nant frequency of the mertance and acoustical capacitance the pressure 
required to actuate the resonant system is zero Equations S 42 and 5 55 
also show that the attenuation introduced by the system is zero The 
transmission characteristics of the four systems are shown in Fig 5 10 


6 14 Inductance and Electneal Capacitance m Parallel, in Senes with 
a Line and the Mechanical Rectilineal, Mechanical Rotational 
and Acoustical Analogies 

Fig 5 11 shows an inductance and electrical capacitance in parallel 
connected in series with a line The mechanical rectilineal, mechanical 
rotational and acoustical analogies are also shown in Fig 5 11 
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The electrical impedance of the electrical network of Fig. 5.11 is 


ju>L 

~ 1 - ^^LCe 


5.56 


where L = inductance, in abhenries, and 

Ce ~ electrical capacitance, in abfarads. 

The output current can be obtained from equations 5.39 and 5.56. 


u 




ACOUSTICAL 



MECHANICAL 


Fig, S.ll. Inductance and electrical capacitance in parallel, in series with a line and the 
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph 
depicts the transmission frequency characteristic. 


The mechanical rectilineal impedance of the mechanical rectilineal 
system of Fig. 5.11 is 


jam 

2 n 

1 — 0) mCM 


S.S7 


where m — mass, in grams, and 

Cm = compliance, in centimeters per dyne. 


The output velocity can be obtained from equations 5.40 and 5.57. 
The mechanical rotational impedance of the mechanical rotational 
system of Fig. 5.11 is 

jo)I 

^ 1 - I Cb 


5.58 
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where I - moment of ineroa, in grams (centlmeter)^ and 

Cr = rotational compliance, m radians per dyne per centimeter 


The output angular velocity can be obtained from equations 5 41 and 
5 58 


The acoustical impedance of the acoustical system of Fig 5 11 is 


jwM 

“ 1 - Me A 


5S9 


where M « inertance, in grams per (centimeter)*, and 

Ca ~ acoustical capacitance, in (centimeter)® per dyne 


The output volume current can be obtained from equations 5 42 and 
5 59 

At low frequencies the systems behave the same as those of Fig 58 
and the attenuation is small At high frequencies the systems behave 
the same as those of Fig 5 9 and again the attenuation is small At the 
resonant frequency of the inductance and electrical capacitance the cles 
trical impedance is iniimte and equations 5 39 and 5 56 show that there 
IS no transmission At the resonant frequency of the mass and compli 
ance of Fig 5 11 the mechanical rectilmeal impedance is infinite and the 
input to the spring does not move Equations 5 40 and 5 57 show that 
there is no transmission at this frequency At the resonant frequency of 
the moment of inertia and rotation j compliance of Fig 5 U the meclian 
ical rotational impedance is infinite and the input to the spring does not 
rotate Equations 5 41 and 5 58 show that there is no transmission at 
this frequency At the resonant frequency of the inertance and acousti 
cal capacitance of Fig 5 llequation559 shows that the acoustical imped 
ance is infinite Equation 5 42 shows that there is no transmission at 
this frequency The transmission characteristics of the four systems arc 
shown in Fig 511 


6 16 Electrical Resistance, Inductance and Electrical Capacitance tn 
Senes widi a Line and the Mechanical Rectilineal, Mechanical 
Rotational and Acoustical Analogies 

Fig 5 12 shows an electneal resistance, inductance and electncaJ 
capacitance in senes with a line The mechanical rectilineal, mechanical 
rotational and acoustical analogies arc also shown in Fig 5 12 
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The electrical impedance of the electrical network of Fig. 5.12 is 


ZE2 = fE + 


1 

juCs 


5.60 


where Ve = electrical resistance, in abohms, 

L = inductance, in abhenries, and 
Ce — capacitance, in abfarads. 

The output current can be obtained from equations 5.39 and 5.60. 


'•e l Ce 

I j- 


EUECTRICAL 



ACOUSTICAL 


Cm 





MECHANICAL 


Fig. 5.12. Electrical resistance, inductance and electrical capacitance in series with a line 
and the mechanical rectilineal, mechanical rotational and acoustical analogies. The 
graph depicts the transmission frequency characteristic. 


The mechanical rectilineal impedance of the mechanical system of 
Fig. 5.12 is 

Zjif2 = ri-ytow + T" ■“ 5.61 

J0)Lm 

where vm = mechanical rectilineal resistance, in mechanical ohms, 
m = mass, in grams. 

Cm = compliance, in centimeters per dyne. 

The output velocity can be obtained from equations 5.40 and 5.61. 

The mechanical rotational impedance of the mechanical rotational 
system is 

1 


= fR jal + 


5.62 
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where tr mechanical rotational resistance, m rotational ohms, 

I s= moment of inertia, in gram (centimeter)®, and 
Cfl s= rotational compliance, in radians per dyne per centimtttr 

The output rotational velocity can be obtained from equations 5 41 
and 5 62 

The acoustical impedance of the acoustical system of Fig 5 12 is 

2^2 = tu -\rjuM "h 563 

where rx acoustical resistance, m acoustical ohms, 

M mertance, m grams per (centimeter)*, and 
Cx ** acoustical capacitance, in (centimeter)® per dyne 

The output volume current can be obtained from equations 5 42 and 
5 63 

At low frequencies the four systems behave the same as those of Fig 
5 9 and the transmission is small At high frequencies the systems be 
have the same as those of Fig 5 8, and again the transmission is small 
At the resonant frequency of the inductance and electrical capacitance 
the senes electncal reactance is aero Therefore, from equations 539 
and 5 60 the attenuation is due to the electrical resistance At the reso- 
nant frequency of the mass and compliance. Fig 5 12, the mechanical 
rectilineal reactance is zero Therefore, from equations 5 40 and S 61 the 
attenuation is due to the mechanical resistance At the resonant fre 
quency of the moment of inertia and the rotational compliance, Fig. 
5 12, the mechanical rotational reactance is zero Therefore, from equa 
tions 5 41 and 5 62 the attenuation is due to the mechanical rotational 
resistance At the resonant frequency of the mertance and acoustical 
capacitance, Fig 5 12, the accjustical reactance is zero Therefore, from 
equations 5 42 and 5 63 the attenuation is due to the acoustical resist 
ance The transmission characteristic of these systems is shown in Fig 
5 12 This characteristic at the low and high frequencies is the same as 
that of Fig 5 10 However, m the region of resonance the resistance m 
each of the four systems introduces attenuation as depicted by the wans 
mission charactenstic of Fig 512 
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6.16. Electrical Resistance, Inductance and Electrical Capacitance in 
Parallel, in Series with a Line and the Mechanical Rectilineal, 
Mechanical Rotational and Acoustical Analogies 

Fig. 5.13 shows an electrical resistance, inductance and electrical 
capacitance in parallel in series with a line. The mechanical rectilineal, 



Fig. 5.13. Electrical resistance, inductance and electrical capacitance in parallel, in series 
with a line and the mechanical rectilineal, mechanical rotational and acoustical analogies. 
The graph depicts the transmission frequency characteristic. 


mechanical rotational and acoustical analogies are also shown in Fig. 
5.13. The electrical impedance of the electrical network of Fig. 5.13 is 


Z£2 


ve — (J^teLCe d* j wL 


5.64 


where rs — electrical resistance, in abohms, 

L = inductance, in abhenries, and 
Ce = electrical capacitance, in abfarads. 

The output current can be obtained from equations 5.39 and 5.64. 
The mechanical rectilineal impedance of the mechanical rectilineal 
system of Fig. 5.13 is 

jtsirum ^ 

Zjif2 = 2 — -p , — — 5.65 

tm. — <» tmCm + 
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where ni = mechanical rectihneal resistance, m mechanical ohms, 
m = mass, m grams, and 
Cm =* compliance, in centimeters per dyne 

The output velocity can be obtained from equations 5 40 and 5 65 
The mechanical rotational impedance of the mechanical rotational 
system of Fig 5 13 is 

. _ (K 

2 T/> r r ^ ^ 

nt — tjrruICii +jul 

where tr = mechanical rotational resistance, in rotational ohms, 

I « moment of inertia in gram (centimeter)*, and 
Cr = rotat\onalcomphancc,mradiansperdyncpercentimetet 

The output rotational velocity can be obtained from equations S 41 

and 5 66 

The acoustical impedance of the acojstical system of Fig 5 13 is 
2 

Ta “• «VxA/CU +^a>Af 

where ta = acoustical resistance, m acoustical ohms, 

M ■» mertance, m grams per (centimeter)*, and 
Ca ■* acoustical capacitance,, m (centimeter)® per dyne 
The output volume current can be obtained from equations 5 42 #nd 
5 67 

At low frequencies the systems behave the same as those of Fig 5 1 
and the attenuation is small At high frequencies the systems behave the 
same as those of Fig 5 9 and the attenuation is small At the resonant 
frequency of the inductance and electrical capacitance the electrical 
reactance is infinite and, therefore, from, equations 5J9 and 5 64 the 
attenuation is due to the electrical resistance At the resonant frequency 
of the mass and compliance. Fig 5 13, the mechanical rectilineal react 
ance is infinite Therefore, from equations 5 40 and 5 65 the attenuation 
'A. due. to tbji WAchaj-'/taJ. teuvJAWMistsfttwAe At, •lVa sei-WiMA 
of the moment of inertia and the rotational compliance. Fig 5 13, the 
mechanical rotational impedance is infinite Therefore, from equations 
5 41 and 5 66 the attenuation is due to the mechanical rotational resist 
ance At the resonant frequency of the mertance and acoustical capaci 
tance. Fig 5 13, the acoustical reactance is infinite Therefore, from 
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equations SA2 and 5.67 the attenuation is due to the acoustical resist- 
ance. The transmission characteristic of these systems is shown in Fig. 
5.13. This characteristic at the low and high frequencies is the same as 
that of Fig. 5.11. However, in the region of resonance the resistance in 
each of the four systems decreases the attenuation as depicted by the 
transmission characteristic of Fig. 5.13. 

6.17. Resistance Networks 

The use of resistance networks in electrical circuits is well known. 
Series and shunt networks are employed to introduce dissipation or 
attenuation in the electrical circuits. In the same way mechanical and 
acoustical resistance may be used in these systems to introduce dissipa- 
tion, damping or attenuation. “T” and “ir” networks are a combination 
of series and shunt elements usually employed to introduce attenuation 
without mismatching impedances or for matching dissimilar impedances. 

6.18. Electrical Resistance in Series with a Line and the Mechanical 
Rectilineal, Mechanical Rotational, and Acoustical Analogies 

Fig. 5.14 shows an electrical resistance in series with a line. Referring 
to equation 5.39 it will.be seen that the attenuation will be greater as the 
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Fio. 5.14. Electrical resistance in series 
mechanical rotational 



ROTATIONAL 


MECHANICAL 

I a line and the mechanical rectilineal, 
acoustical analogies. 


resistance is made larger. Equation 5.40 shows that in the same way the 
attenuation in the mechanical rectilineal system of Fig. 5.14 will be 
greater as the sliding resistance is made larger. Equation 5.41 shows that 
the attenuation in the mechanical rotational system of Fig. 5.14 will be 
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greater as the sliding resistance on the brake wheel is made larger Th* 
acoustical system of Fig 5 14showsasyswmofslttsmsericswithiRj«j^ 
and output acoustical impedances Equation 5 42 shows that the atten 
nation m this system will increase as the acoustic resistance is made 
larger 

6 19 Electncal Resistance m Shunt with a Line and the Mechanical 
Rectilineal, Mechanical Rotational and Acoustical Analogies 
Fig 5 IS shows an electncal resistance m shunt with aline Referring 
to equation 5 II it will be seen that the attenuation in this case will be 



nwrkTiOHkw 

MECHANICAL 

Fio 5 IS Electncal res stance m shunt with a ! n« and the mechanical rectiBncsJ 
mechanical rotational and aooust cal analogies 

greater as the electrical resistance is made smaller Equation 5 12 shows 
that in the same way the attenuation m the mechanical rectilineal system 
of Fig 5 15 will be greater as the sliding resistance is made smaller 
Equation 5 13 shows that the attenuation m the mechanical rotational 
system of Fig 5 IS will be greater as the sliding resistance on the biakt 
wheel IS made smaller Equation 5 14 shows that in the acoustical sp 
tern of Fig S IS the attenuation will increase as the shunt acoustical 
resistance is made smaller 
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6.20. “T” Type Electrical Resistance Network and the Mechanical 
Rectilineal, Mechanical Rotational and Acoustical Analogies 

A “T” type electrical network is shown in Fig. 5.16. Equation 5.11 is 
applicable by considering rsi to be added to Ze\ and tei to be added to 
ze 3 - rea is ze 2 in equation 5.11. In the same way equations 5.12, 5.13 
and 5.14 apply to the mechanical rectilineal, mechanical rotational, and 
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RECTILINEAL 



ACOUSTICAL 



MECKAWICAL 

F'ig. 5.16. “T” type electrical resistance network and the mechanical rectilineal, mechani- 
cal rotational and acoustical analogies. 


acoustical systems of Fig. 5.16, wherein Zm\, Zfli, and is the sum of 
tri, and rxi and the input impedances, respectively, and Zmz^ ^R3> 
and za 3 is the sum of rMi, tri, and rxi and the output impedances, 
respectively. 

6.21. “tt” T 3 rpe Electrical Resistance Network and the Mechanical 
Rectilineal, Mechanical Rotational and Acoustical Analogies 

A “tt” type electrical network is shown in Fig. 5.17. The "tt” type of 
electrical network may be used for the same purpose as the “T” network 
of the preceding section. The mechanical rectilineal, mechanical rota- 
tional, and acoustical resistance systems equivalent to the electrical “ir” 
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network are shown in Fig, 5.17. Equation 5.1 1 may be used to predict 
the performance of the electrical system In this case z^j is the input 
impedance, 2e2 is rca, and Zez is in senes with m parallel with die 
output impedance This of course determines only the current 
This current is equal to the vector sum of the current in r £2 and the 
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mechanical rotaboial and acoustical analo^es. 


output impedance. The performance of the mechanical rectilineal, me- 
chanical rotational, and acoustical systems may be obtained by siimlar 
considerations employing equations 5.12, 5.13 and 5 14. 

6.22. Electrical, Mechanical Rectdiaeal, Mechanical Rotational and 
Acoustical Transformers 

A transformer is a transducerused for transferring between two imped' 
ances of different values without appreciable reflection loss. Electrical, 
mecKatucal tecuUncal, mcchamcal rotational and acoostKal ttansfoscft' 
ers are shown in Fig 5.18. 
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In the ideal electrical transformer of Fig. 5.18 the electromotive force, 
current and electrical impedance ratios on the two sides of the trans- 
former are 





5.68 





ZE2 — 



5.69 

5.70 


where Ni = number of turns in the primary, and 
N 2 = number of turns on the secondary. 


(?i, /i, and zbi represent the electromotive force, current and electrical 
impedance on the primary side and <? 2 , /2 and Ze 2 represent the electro- 
motive force current and electrical impedance on the secondary side. 
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Fio. 5.18. Electrical, mechanical rectilineal, mechanical rotational and acoustical 

transformers. 


The mechanical rectilineal transformer of Fig. 5.18 consists of a 
ngid massless lever with frictionless bearings. The force, velocity and 
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mechanical rectilineal impedance ratios on the two sides of the lever iff 


~ r/m 
h 


571 

572 


2W2 * 



573 


/i and li are the lengths of the lever arms depicted m Fig 5 18 /yj, 
and z\n and /m, *2 and zva represents the force, velocity and mechanical 
rectilineal impedance on the two sides of the mechanical transformer 
The mechanical rotational transformer, of Fig 5 18, consists of a mass 
less rigid gear tram The torque, angular velocity and mechanical rota 
tional impedance on the two sides of the gear tram are 


/B2 j/«l 

«1 

571 

<■2 = T 

02 

575 



2»2 “ 1 T ) ZSl 

Wi/ 

576 


ill and </2 are the diameters of the gears depicted in Fig 5 18 Jm, 
and Zri and/j? 2 > and zrz represents the torque, angular velocityand 
mechanical rotational impedance on the two sides of the rotational trans- 
former 

The acoustical transformer consists of two rigid massless diaphragms 
with negligible suspension stiffness coupled together as shown m Fig 
5 18 The pressure, volume current and acoustical impedance on the 
two sides of the diaphragm combination are 


*^1 

577 

II 

57! 

/.?.v 



579 
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Si and S 2 are the areas of the two diaphragms, pi, and z^i and p 2 , 
X 2 andzx 2 represents the pressure, volume current and acoustical imped- 
ance on the two sides of the acoustical transformer. 

The acoustical transformer of Fig. 5.18 is not purely an acoustical sys- 
tem since it uses mechanical elements in the form of diaphragms. In an 
acoustical system a horn may be used to transfer from one impedance to 
another impedance of a different value without appreciable reflection 
loss. As a matter of fact a horn ® may be looked upon as an acoustical 
transformer, transforming large pressures and small volume currents to 
small pressures and large volume currents or the reverse process. 

' For these and other properties of horns see Olson, “Acoustical Engineering,’’ 
D. Van Nostrand Co., Princeton, N. J., 1957. 



CHAPTER VI 


WAVE FILTERS 


6 1 Introduction 

The essential function of a wave filter is to let pass desired frequency 
bands and to highly attenuate neighboring undesired frequency bands 
An electrical filter is a general type of electrical network in which a 
number of recurrent electrical impedance elements are assembled to 
form a recurrent structure Electrical networks of this sort arc called 
electrical wave filters,^ as they pass certain frequencies freely and stop 
others Wave filters analogous to electrical wave filters may be dt 
veloped and employed m any wave motion system Acoustical * atid 
mechanical wave filters are becoming very important for use in noise 
reduction and control of vibrations m all types of vibrating systems 
A number of books and numerous articles have been published on elec 
tncal wave filters Therefore it is important to establish the analogies 
between electrical, mechanical and acoustical wave filters so that the 
information on electrical wave filters may be used to solve filter prob- 
lems m mechanical and acoustical systems It is the purpose of this 
chapter to illustrate and desenbe the different types of electrical, me 
chanical rectilineal, mechanical rotational and acoustical wave filters 

6 2 Types of Wave Filters 

The response characteristics of wave filters are widely different The 
more frequently used types are designated as follows 

Low Pass Wave Filters 
High Pass Wave Filters 
Band Pass Wave Filters 
Band Elimination Wave Filters 


‘Campbell, G A , Bell System Tteh /oar.VoI I, No 2,1922 
* Stewart, G W , Phys Rev , Vol 20, No 6, p 528, 1922 
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A low pass wave filter is a system which passes currents, velocities, 
angular velocities or volume currents of all frequencies from zero up to a 
certain frequency termed the cutoff frequency fc and which bars cur- 
rents, velocities, angular velocities and volume currents of all higher 
frequencies. 

A high pass wave filter is a system which passes currents, velocities, 
angular velocities or volume currents of all frequencies from infinity 
down to a certain frequency termed the cutoff frequency fc and which 
bars currents, velocities, angular velocities and volume currents of all 
lower frequencies. 

A band pass wave filter is a system which passes currents, velocities, 
angular velocities or volume currents that lie between two cutoff fre- 
quencies fci and /c 2 and bars currents, velocities, angular velocities and 
volume currents of all frequencies outside this range. 

A band elimination wave filter is a system which bars currents,. veloc- 
ities, angular velocities or volume currents that lie between the two 
cutoff frequencies fci and fc 2 and passes currents, velocities, angular 
velocities and volume currents of all frequencies outside this range. 

6.3. Response Characteristics of Wave Filters ^ 

The ideal or non-dissipative filters consist entirely of pure reactances. 
The primary object is the determination of those combinations of re- 
actances which will give a single or double transmitted band of fre- 
quencies. The most important type of structure is the ladder type, 
that is, a certain combination of reactances in series with the line and 
another combination in shunt with the line. The series reactance and 
shunt reactance are designated by Zi and Zzj respectively. It has been 
shown in treatises on wave filters that attenuation occurs when Z 1 /Z 2 is 
positive and when Zi/z^ is negative and no greater in absolute magnitude 
than four. Non-attenuation occurs when Zi/z 2 is negative and is less 
in absolute magnitude than four. Therefore, a non-dissipative recur- 
rent structure of the ladder type having series impedances Zi and shunt 
impedances 22 will pass readily only currents of such frequencies as will 
make the ratio Zi/z^ lie between 0 and —4. 

’ Johnson, “Transmission Circuits for Telephonic Communication,” D. Van 
Nostrand Co., Princeton, N. J., 1924. 

* Shea, “Transmission Networks and Wave Filters,” D. Van Nostrand Co., 
Princeton, N. J., 1929. 
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6 4 Low Pass Wave Filters 

Electrical, mechanical rectilineal, mecKamcal rotational and s 
tical low pass filters are shown in Fig 6 1 







Fig 6 1 £I«ctnc&I, mechanical rectilineal mechsnicaJ rotational and acousoeaj lor 
pass wave filters 


The impedance of the series arm m the four systems is 


zsi = j<i)L 

61 

2»n = /"w 

62 
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2jtl - juM 
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t arm m the four systems is 


1 

65 


66 

1 
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The limiting frequencies are given by 

— = 0 and — = —4 6.9 

Z2 22 

From the constants of the systems, 


Ze\ 

Ze2 

= L.Ce^^ = 0, 

when wc = 0 

6.10 

zjin 

ZM2 

= — Oj 

when wc = 0 

6.11 

5^ 

ZR2 

= ICruc'^ — 0, 

when wc = 0 

6.12 

Zai 

ZA2 

= MCacoc^ = 0, 

when £ 0(7 = 0 

6.13 

zei 

ZE2 

= —LCe(^c^ = ~4, 

when o)c — / 

WLCe 

6.14 

Zjlfl 

ZU2 

= —mCM<^c^ — “4, 

when (AC r- , 

^mCM 

6.15 

ZRl 

ZR2 

= —ICruc^ = —4, 

when coc — / 

^ICr 

6.16 

Zai 

ZA2 

= —MCa^c^ = ~4, 

when (AC — / 

Vmca 

6.17 


Equations 6.10 and 6.17, inclusive, show that the systems of Fig. 6.1 
are low pass filters transmitting currents, linear velocities, angular veloc- 
ities or volume currents of all frequencies lying between 0 and the cutoff 
frequency fc where Jc = wc'/27r. 

6.6. High Pass Wave Filters 

Electrical, mechanical rectilineal, mechanical rotational, and acousti- 
cal high pass wave filters are shown in Fig. 6.2. 
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The impedance of the senes arm in the four systems is 


1 


jasCs 

6iS 


6 IS 


620 

1 


juCa 

621 


For a description of the acoustical capacitance Ca see Sec 5 12 
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Fio 6 2 Electncal, mechaMcal remLneal, mechamcsl rotational and acousacal tigli 
pass wave fUten 


The impedance of the shunt arm m the four systems is 
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~jul 
^Ai —jaM 


621 
623 
6 24 
625 



BAND PASS WAVE FILTERS 


103 


The limiting frequencies are given by 


— = 0 and 
Z2 

From the constants of the systems. 


zei _ 

- ^ 0 

ZE2 

LCE<i>C^ 

zm _ 

1 0 

ZM2 


zri _ 

1 0 

ZR2 

ICrcac^ 


1 0 

_ 

ZA2 

MCao^c^ 

zei _ 

1 4 

ZE2 

LCe<^c^ * 

Zm\ _ 

1 4 

ZM2 


Zjil _ 

^ - 4 

ZR2 

ICruc^ 


Z2 


when &)(?=“ 

6.27 

when wc> = 00 

6.28 

when uc ~ ^ 

6.29 

when £ 0(7 = CO 

6.30 

when £ 0(7 — 

2 LCe 

6.31 

when £ 0(7 = 

iVmCM 

6.32 

when £ 0(7 — , 

iVicr 

6.33 

when £ 0(7 — . — — 

2 V MCa. 

6.34 


1 

ZA2 MCaoic^ 


Equations 6.27 and 6.34, inclusive, show the systems of Fig. 6.2 are 
high pass wave' filters transmitting currents, linear velocities, angular 
velocities or volume currents of all frequencies lying between the cutoff 
frequency fc where fc = wc/27r, and infinity. 

6.6 Band Pass Wave Filters 

Electrical, mechanical rectilineal, mechanical rotational, and acous- 
tical band pass wave filters are shown in Fig. 6.3. 
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The impedance of the senes arm in the four systems is 
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For a descnption of the acoustical capacitance C^i see Sec 5 12 



Fio 64 Electnul, tn«chamcal tectshnesi, mechanical rotatjonal and acoumctl bind 
pas* wave filters 


The impedance of the shunt arm m the four systems is 
juL2 
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ZB2 = 


ZA2 = 


1 — 

jwMa 

1 — <0^C42-^2 


The limiting frequencies are given by 


— = 0 and — = —4 


LiQsi = L2CE2 
iniCMi = ‘m%CM2 
IiCri = I 2CR2 
^\Ca\ = M2CA2 

^E1 n ^ 1 1 

— = Oj when wci = - / = - 

^E 2 V ZilCsi V L2CE2 


== Oj when coci == 


V m2CM2 
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— = Oj when wpi = 


^ I\Cri a/ / 2Cij2 

_J ^ 1 

"V^ M2CA2 


zei , , (1 — LiCsif ^ 

— = -4j when 

ZE2 WC2 J-'2^BI 
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1 ^ — — -— 

Ce 2 LiCei VZlc^- 
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’’ ttiiCui miCitfi •' 


ZrI . . (I “* UC2^IlC!tl)^ , 

— « -4, when jy— 4, 

^R2 "« ^2^R1 


V/iCjj /.G, 


2xt . , (I — 

— = -4, when jtttt “4, 

Za 2 t^C2 M2CM 


"" “ L VA/tCi2 ^ MxCai * Va/.OsJ 

It will be noted that wo2 bas two values, one greater than wa and 
one less than «ci Therefore, the upper and lower cutoff frequencies 
are given by 


“ ” [ VijCjj] ■ 
I-iCjri VLiC£ 2^ 
L';niCju2 VffriCvgJ 


/-h+-4-+;7=^] 

Wiw« CTiCvi VmiQ/2J 


r I 1 ~ ^ ^ 1 
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/ 1 , 1 , ^ ' 
IiCr2 IiCri IiCr2- 

riz^ziz j=], 

’MiCa2 MiCai VMiCa2^’ 


2" = 


/ 1 1 1 

MiCa2 MiCai Mi 


1 ■ 

^iCa2- 


Equations 6.56 to 6.63, inclusive, show that the systems of Fig. 6.3 
are band pass filters transmitting currents, linear velocities, angular 
velocities or volume currents of all frequencies lying between two cutoff 
frequencies fc 2 ' and fc 2 "} where /c 2 ' = coc2V27r and fc 2 " = 0302 " 

6.7. Band Elimination Wave Filters 

Electrical, mechanical rectilineal, mechanical rotational and acous- 
tical band elimination wave filters are shown in Fig. 6.4. 

The impedance of the series arm in the four systems is 

jwLi 

' 1 - JCnL, 


Zjlfl = 


1 — 


Zfll = 


1 - 0)^CaiMi 

The impedance of the shunt arm in the four systems is 


1 — co^CriIi 
ycoMi 


zjB2 = ywL2 


2iW2 = JUim2 — 



108 


WAVE FILTERS 


2fl2 ~ juh TT- 

oCri 

670 

2U2 = JuMi 

aCA2 

6 71 



mcchawcau 


Fio 6 4 E^eetnca], mechanical rectilineal, mechanical rotational and acoustical band 
el nunaQon wave filters 

The limiting frequencies arc given by 


- - 0 and 3 = -4 

672 

23 23 


Z|6^i *= LzCsi 

6 73 


6 74 

AGji = I^Crz 

6 75 

M\Ca\ = MzCaz 

6 76 
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Ze\ 

ZE2 

= 0, 

when wci = 0 

and 

WC4 = °° 

6.77 

zmi 

ZM2 

= 0, 

when wci = 0 

and 

WC4 = ^ 

6.78 

Zri 

ZR2 

= 0, 

when WCI = 0 

and 

WC4 = ^ 

6.79 

zai 

ZA2 

= 0, 

when WCI = 0 

and 

WC4 = “ 

6.80 


Two of the limiting frequencies are determined by uci and uci above. 

LiCe2 


or 


or 


or 


or 


^ = -4, when ^ ^ 

Ze2 (1 “■ “C 


= 4, 


W(7 = 

ZAn 

ZAf2 

Wc 

Zki 


L\Ce2 ~b IbAxCgi ± L \ Ce2 

= — 4j when 


AL,\Cei 

miCiiz 


(1 — ac^miCMi) 


: = 4, 


"N/ miCM2 "b IbwiCjif dz miCM^ 


AttiiCmi 

IiCr2 


= -4, when- ^ 

Ze2 (1 — WC AlWei) 


= 4, 


wo = 


2a1 


IiCr2 + Ib/iCfli ± "S/ I\Cm2 


4/iCfli 

MiCyi2 


= -4, when- v 

2^42 (1 W(7 


= 4, 


VMiCaz + 16MiCai ± VMiCx2 


6.81 


6.82 


6.83 


wo = 


4^x011 


6.84 
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The other two limiting frequencies are 


L\CBi "b 16 £iiCbi — "V 

' L\Czi 


AL\Cb\ 

* 

y/ L\Csi + 16Z,iCbi + "V 

' L\Ce2 


4£iCei 


fn\Cu2 + 16miCifi — 

njiC/irs 




‘V^niiCs/2 + 16»iiCji/i + 

y^ tniCiti 


AmxCitix 


V/iCsj + 161, Cat - V 

hCK2 


4fiCsi 


I\Cr2 + 16/iCri + V 

J\Cr2 


4/iCst 


VMGlj + \6M,Ct, - 

VA/iCia 


4M,C4i 


Vm,Ca2 + 16M,Cm + 

y/ MiCa2 


4AfiCxi 



6 85 

6 86 

6 87 

6 88 

6 89 

690 

691 

6 92 


From equations 6 72 to 6 92, inclusive, it will be seen that the filters 
of Fig 6 4 are band elimination filters transmitting currents, linear 
velocities, angular velocities or volume currents between the frequencies 
/ci = 0 and Jci ~ wc 2 / 2 ir, attenuating currents, linear velocities, 
angular velocities or volume currents between the frequencies /eg = 
«<r 2 / 2 ir and fez — uez/'^v, and transmitting currents, finear ve/ocifies, 
angular velocities or volume currents between the frequencies fez = 
wca/2ir and/c4 = ^ 
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7.1. Introduction 

Transients embrace a wide variety of physical phenomena. An elec- 
trical transient is the current which flows in a circuit following an elec- 
trical disturbance in the system. A mechanical transient is the rectilinear 
or angular velocity which occurs in a mechanism following a mechanical 
disturbance in the system. An acoustical transient is the volume cur- 
rent which flows in an acoustical system following an acoustical dis- 
turbance in the system. The preceding sections have been concerned 
with electrical, mechanical and acoustical systems in a steady state con- 
dition. The formulas and expressions assume that the systems are in a 
steady state condition of operation which means that the currents, 
linear velocities, angular velocities or volume currents have become con- 
stant direct or periodic functions of time. The steady state solution is 
only one part of the solution because immediately after some change in 
the system the currents or velocities have not settled into a steady state 
condition. Electrical, mechanical and acoustical systems are subjected 
to all types of varying and impulsive forces. Therefore, it is important 
to examine the behavior of these systems when subjected to impulsive 
forces as contrasted to steady state conditions. 

The behavior of a vibrating system may be analyzed by solving the 
differential equations of the dynamical system. In other words find the 
currents or velocities of the elements which when substituted in the 
differential equations will satisfy the initial and final conditions. The 
solution of the differential equation may be divided ^ into the steady 
state term and the transient term. The operational calculus is of great 
value in obtaining the transient response of an electrical, mechanical or 
acoustical system to a suddenly impressed voltage, force or pressure. 

* Usually these parts are obtained by solving the'differential equation for a 
particular integral and a complementary function. 

Ill 
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The general analysis used by Heaviside ts applicable to any type of 
vibrating system whether electrical, mechanical or acoustical The 
response of a system to a unit force can be obtained with the Heaviside 
calculus It IS the purpose of this section to determine the response of 
electrical, mechanical rectilineal, mechanical rotational and acoustical 
systems to a suddenly applied unit electromotive force, force, torque or 
pressure respectively 

7 2. The Heaviside Operational Calculus * • * 

Heaviside’s unextendcd problem is as follows given a linear dynamical 
system of n degrees of freedom in a state of equilibrium, find its response 
when a unit force is applied at any point The unit function, 1, depicted 
m Fig 7 1, is defined to be a force which is zero for / < 0 and unity for 
r&O 


j 

■J, 
o el 

1 



* 


t»o 

Fto 7 1 The unit function The electromotive force force, torque or pressure is zero 
before end unity after < 0 

The response of a dynamical system to a unit force is called the indicial 
admittance of the system It is denoted by Aif) Aif) represents the 
current, linear velocity, angular velocity, or volume current when a unit 
electromotive force, force, torque or pressure is suddenly applied m a 
system which was initially at rest 

In the Heaviside calculus the difTcrential equations are reduced to an 
algebraic form by replacing the operator djdt by the operator p and the 

operation J' dt by l/p Tables of operational formulas have been com- 

pifed which serve tor operational cafeufus the same purpose that tables 

‘Goldman, ' Transformation Calculus and Electrical Transients,' Prentice 
Hall, Inc , New York, N Y , 1949 

* Bush, ‘ Operational Circuit Analysts,* John Wiley and Sons, New York, 
N 1 , 1937 

* Berg, ‘ Heaviside’s Operational Calculus," McGraw Hill Book Co , New 
Yotk,N Y,1936 
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of integrals serve the integral calculus. Operational formulas may be 
modified, divided or combined by various transformation schemes. 
This is similar to integration by parts or change of variable in the 
integral calculus. 

The procedure in the Direct Heaviside Operational Method to be 
followed in obtaining an operational solution of an ordinary differential 
equation is as follows: Indicate differentiation with respect to the inde- 
pendent variable by means of the operator p. Indicate integration by 
means of \/p. Manipulate p algebraically and solve for the dependent 
variable in terms of p. Interpret and evaluate the solution in terms of 
known operators. 


7.3. Transient Response of an Inductance and Electrical Resistance in 
Series and the Mechanical Rectilineal, Mechanical Rotational and 
Acoustical Analogies 

The differential equation of an electromotive force, electrical resist- 
ance and inductance connected in series, as shown in Fig. 7.2, is 

I. ^ + rsi = e 7.1 


where L — inductance, in abhenries, 

Te — electrical resistance, in abohms, 
i = current, in abamperes, and 
e = electromotive force, in abvolts. 

Let the symbol p stand for the operator dfdt, then equation 7.1 
becomes 

T^pi + VEt = e 7.2 

The electrical admittance is 


~e rs + Lp 

If e = 0 for / < 0 and unity for / > 0, then the ratio i/e is called the 
electrical indicial admittance designated as /Isit). The electrical indicial 
admittance is 

^ 1 

te + Lp 


Asii) = 


7.4 
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Equation 7 4 may be written 
JeU) = 

where as ~ te/L 



MCCHANICAU 


Fio 1 5 Response of an electncal resistaoi 
mechanical rectilineal, mechanical rotatioi 
mo&ve force, unit force, unit torque and ui 
the current, velocity, angular velocity or 
unit excita&on 



t»o t 


t and inductance m senes and the analogous 
al and acoustical systems to a unit electro* 
itpressure, respectively The graph depicts 
olume current as a function of the time for 


Prom the tables of operational formulas the solution of equation 7 5 is 



76 

fE 

77 


The response characteristic ts shown in Fig 7 2 The current is zero 
for / = 0 The current increases for values of / > 0 and approaches the 
value l/rE 

The differential equation of a force dnving a mechanical rectilineal 
resistance and mass, as shown in Fig 7 2, is 
dv 

~ fis 7 8 

where m = mass, m grams, 

tm — mechanical rectilineal resistance, in mechanical ohms, 
p = linear velocity, jn centimeters per second, and 
/m dnvmg force, in dynes 
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The operational equation becomes 

mpv + rMV=fM 7.9 

If/jtf = 0 for / = 0 and unity for / S; 0 then the ratio v//m is called 
the mechanical rectilineal indicial admittance designated as JmQ)- 
The mechanical rectilineal indicial admittance is 


Equation 7.10 may be written 

= 

where au = rulm. 


rjy + mp 
1 

(«jif + P)m 


7.10 

7.11 


From the tables of operational formulas the solution is 


AM{t) = — (1 - 
maM 

7.12 

Auit) = — (1 - r^‘) 

rM 

7.13 


The response characteristic is shown in Fig. 7.2. The velocity is zero 
for / = 0. The velocity increases for values of / > 0 and approaches the 
value l/fjif. 

The differential equation of a torque driving a mechanical rotational 
resistance and moment of inertia, as shown in Fig. 7.2, is 

dd 

d-j^ + rii6=/R 7.14 

where I = moment of inertia, in gram (centimeter)^, 

fR = mechanical rotational resistance, in rotational ohms, 

6 ~ angular velocity, in radians per second, and 
/r = torque, in dyne centimeters. 

The operational equation becomes 

Ipe + rRe=/R 7.15 

If/ij = 0 for / < 0 and unity for / ^ 0 then the ratio O/Zr is called the 
mechanical rotational indicial admittance designated as /^R{t). 
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The mechanical rotational indicial admittance is 


AW = — 

»5l + ip 

Equation 7 16 may be written 

7.16 

717 

where ajt — ra/J 

From the tables of operational formulas, the solution 
IS 

of equation? 17 

Ml) = 7^ (1 - 

718 

or 


MO - 7 (1 - <'7') 
r» 

719 


The response characteristic is shown in Fig 7 2 The angular velocity 
IS zero for r = 0 The angular velocity increases for values of / > 0 and 
approaches the value 1/ra 

The differential equation of a sound pressure driving an acoustical 
resistance and inertance, as shown m Fig 7 2, is 

M^+riU~p 720 

at 

where M inertance, in grams per (centimeter)*, 

= acoustical resistance, in acoustical ohms, 

U =» volume current, in cubic centimeters, and 
p »= sound pressure, in dynes per square centimeter 

The operational equation becomes 

MPU+taU=p 7 21 

If p =* 0 for / < 0 and unity for / SO, then the ratio U/p is called 
the acoustical indicia! admittance designated as 
The acoustical indicial admittance is 
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Equation 7.22 may be written, 
AA{t) = 


1 


7.23 


(cCA + p)M 

where ua = taIM. 

From the tables of operational formulas, the solution of equation 7.23 
is 


Aa{^) = 


1 


Mola 


(1 - 6 —') 


7.24 


or 


AAif) = - (1 - e-A/') 
ta 


7.25 


The response characteristic is shown in Fig. 7.2. The volume current 
is zero for / = 0. The volume current increases for values of / > 0 and 
approaches the value l/r^. 


7.4. Transient Response of an Electrical Resistance and Electrical 
Capacitance in Series and the Mechanical Rectilineal, Mechani- 
cal Rotational and Acoustical Analogies 

The differential equation of an electromotive force, electrical resistance 
and electrical capacitance connected in series, as shown in Fig. 7.3, is 


€ 


1 

= ?-£/ + — 
CjB 



7.26 


where Cjs = electrical capacitance, in abfarads, 
rs — electrical resistance, in abohms, 
i = current, in abamperes, and 
e = electromotive force, in abvolts. 

The electrical indicial admittance is 


AE{i) = 


PCe 


1 = 


1 + prsCs {oiE + p)rE 


7.27 


where = IIteCe- 

From the table of operational formulas, the solution of equation 7.27 

I 


IS 


zfjsCr) = 


te 


e tsCe 
Te 


7.28 
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The response charactcnstic is shown m FJg 7 3 The current is 1/r^ 
for / «= 0 The current decreases for values of / > 0 and approaches the 
value aero as a limit 



ACOUSTICAL 


oof AT OHAV 

MCCHANICAL 

PiQ 7 3 Rnponse of an dectneal re$ stance and dectned capancance tn tencs and the 
analogous mechanical rectilineal mechanical rotational and acoustical systems to a unit 
electromobve foreci unit force, unit torque and unit pressure, respectively The graph 
depicts the current, veloaty, angular velocity or volume current as a function of the 
bfflc for unit ezatation 


The differential equation of a force driving ft mechanical rectilineal 
resistance and compliance, as shown m Fig 7 3, is 

/ir =* r^tP + “ J' vdi 7 29 

where Cu » compliance, in centimeters per dyne, 

m “ mechanical rectilineal resistance, in mechanical ohms, 

V “ linear veloaty, m centimeters, and 
/sr “ force, m dynes 

The mechanical rectilineal admittance is 




PCki p ^ 

1 + P^mCm (ojy + P)ru 


730 


where orjir «» 1/rj/Cj/ 

From the tables of operational formulas, the solution of equation 7 30 
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The response characteristic is shown in Fig. 7.3. The linear velocity 
is l/rjir for ^ = 0. The velocity decreases for values of / > 0 and ap- 
proaches the value zero as a limit. 

The differential equation of a torque driving a mechanical rotational 
resistance and rotational compliance, as shown in Fig. 7.3, is 

/r = trB + — J' Bdt 7.32 


where Cn = rotational compliance, in radians per dyne per centimeter, 
Tr = mechanical rotational resistance, in rotational ohms, 

B = angular velocity, in radians per second, and 
Jr = torque, in dyne centimeters. 

The mechanical rotational indicial admittance is 


AR{i) = 


PCr ^ _ P 

1 + P^rCr (aR -}- p)rR 


where aR = 1/rRCR. 


7.33 


From the tables of operational formulas the solution of equation 7.33 
is 


AR{t) = 



t_ 

e rRCn 

rR 


7.34 


The response characteristic is shown in Fig. 7.3. The angular velocity 
is \/rR for / = 0. The angular velocity decreases for values of / > 0 
and approaches the value zero as a limit. 

The differential equation of a sound pressure driving an acoustical 
resistance and an acoustical capacitance, as shown in Fig. 7.3, is 

P = taU + J Udt 7.35 

where Ca = acoustical capacitance, in (centimeter)® per dyne, 
rA = acoustical resistance, in acoustical ohms, 

U = volume current, in cubic centimeters per second, and 
p = sound pressure, in dynes per square centimeter. 
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The acoustical mdicial admittance is 


AAif) = 

where — 1/^iCi 




1 + PtaCa {« + ^ta 


736 


From the tables of operational formulas the solution of equation 7 36 
s 

e taCa 


Ai{t) * 


rA 


rA 


737 


The response charactenstic is shown in Fig 7 3 The volume current 
IS 1/rA for / «= 0 The volume current decreases for values of / > 0 and 
approaches the value zero as a limit 


7.6 Transient Response of an Electrical Resistance, Inductance and 
Electncal Capacitance m Senes and the Mechanical Rectilineal, 
Mechanical Rotational and Acoustical Analogies 
The differential equation of an electromotive force, electrical resist 
ance> inductance and electrical capacitance connected in senes, as shown 
in Fig 7 4, IS ^ 

^7; + ’^‘ + ciy 

where L ^ inductance, m abhennes, 

re » electncal resistance, m abohms, 

Cs “ electrical capacitance, in abohms, 
r = current, in abampcrcs, and 
e =* electromotive force, in abvolts 

The electrical indicial admittance is 

p 1 7 39 

+ rEp + pr 


4 . 


LCe ' 


Let 
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The electrical indicial admittance is 


■4b W = 


1 

Lue (P + « e )^ + 


7.40 


From the tables of operational formulas, the solution of equation 7.40 


is 


■4 e(/) = 


1 

Lose 


€ sin ust 


7.41 


' T 

ELECTRICAL 


p MSIaC^ 


ACOUSTICAL 


Cm 



ROT*TtOHAL 

mechanical 



Fig. 7.4. Response of an electrical resistance, inductance and electrical capacitance in 
series and the analogous mechanical rectilineal, mechanical rotational and acoustical 
systems to a unit electromotive force, unit force, unit torque or unit pressure, respec- 
tively. The graph depicts the current, velocity, angular velocity or volume current as a 
function of the time for unit excitation. 


The response for < ALJCe is shown in Fig. 7.4/f. It is a damped 
sinusoid. 

If ve^ > 4Z1/ Ce, then the solution becomes 


4s (f) = 


where ^e ~ 



1 

LCe 


1 

L§e 


e sinh PeI 


The response for this condition is shown In Fig. 7.4S. 


7.42 
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lfr£^ ~ 4 LJCe, then sm atg/ approaches wg/ and the solution is 




743 


The response for this condition is shown m Fig 7 4C 
The differential equation of a force driving a mass, mechanical recti 
lineal resistance and compliance is shown m Fjg 7 4 as 

+ riix + =/ai 7 44 

Cm 

where m = mass, in grams, 

r\i = mechanical rectilineal resistance, in mechanical ohms, 

C%{ = compliance, m centimeters per dyne, 

)i = acceleration, in centimeters per second per second, 

X velocity, m centimeters per second, 

X = displacement, in centimeters, and 
/if ■» driving force, in dynes 

Substituting t> for x, equation 7 44 may be written 

+ + =/v 745 

The mechanical rectilineal indicial admittance is 


'iiiif) - • 


+ r^p 4- ; 




The mechanical rectilineal mdicial admittance is 


= 




mam (P H“ a;ir)^ + 


7 46 


7 47 


1 
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From the tables of operational formulas the solution is 

Auit) — ““ sin UMi 7.48 

mu)M 

The response for < ^mlCu is shown in Fig. lAA. It is a damped 
sinusoid. 

If then the solution becomes 

Auii) sinh 7.49 

m^M 

where = 

The response of this condition is shown in Fig. 7.45. 

If = Am /C m then sin (jiMt approaches o>Mt and the solution is 

AmQ) = - 7.50 

m 



The response for this condition is shown in Fig. 7.4C. 

The differential equations of a torque driving a moment of inertia, 
mechanical rotational resistance and rotational compliance, as shown in 
Fig, 7,4, is 


I 4 > + rR^ + TT = 


where I = moment of inertia, in grams (centimeter), 

m = mechanical rotational resistance, in rotational ohms, 

Cr = rotational compliance, in radians per dyne per centimeter, 
(b = angular acceleration, in radians per second per second, 

^ = angular velocity, in radians per second, 

<l> = angular displacement, in radians, and 
/r = driving torque, in dyne centimeters. 

Substituting 0 for equation 7.51 may be written 

1 , 

+ + 


7.52 
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The mechanical rotational indicial admittance is 

P 1 


ArH) - - 


4 - fnP + ^ 


7 53 




The mechanical rotational indicial admittance is 

j f . _I Pm - 

^ /wft {p + «r)® + 

From the tables of operational formulas the solution is 
Anit) - ~ t"*** sm wRt 

lUR 


7 55 


The response for < 4 //Cr is shown in Fig 7 4/# It is a damped 
sinusoid 

If rj? > 4//Cb, then the solution becomes 


Asi/) = “ t'"*' sinh pRt 
JPr 


7 56 


where ft? = 


The response for this condition ts shown in Fig 7 4S 
If = 4 //Cr, then sm «a/ approaches <aRt and the solution is 




7 57 


The response for this condition is shown in Fig 7 4C 
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The difFerential equation of a sound pressure driving an acoustical 
resistance and an inertance connected to an acoustical capacitance, as 
shown in Fig. 7.4, is 

MX 7.58 

where M = inertance, in grams per (centimeter)^, 

va = acoustical resistance, in acoustical ohms, 

Ca = acoustical capacitance, in (centimeter)® per dyne, 

X = volume current, in cubic centimeters per second, and 
p = pressure, in dynes per square centimeter. 

Substituting U for X, equation 7.58 may be written 

+ ^ y Udt^p 7.59 

The acoustical indicial admittance is 


Let 


XA{t) = 


+ t'Ap + 




Ta 

2M 


(AA 



— CL A 


2 


The acoustical indicial admittance is 


7.60 


XA{i) = 


1 


pU>A 


7.61 


IS 


Mlaa {p + a^)^ + o}A^ 

From the tables of operational formulas, the solution of equation 7.61 


XA{t) = T— 6 sin LAAt 7.62 

JviLdA 

The response for 4ikf/ Ca is shown in Fig. *1 AA, It is a. damped 

sinusoid. 
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If rj? > ^M/CAi then the solution becomes 

AM = 7^- <■"’ sinh ?(/ 7 63 

where 6^ = ^ 

The response for this condition is shown in Fig 7 45 

If ta* « 4Af/Cxj then sin ua^ approaches uxi and the solution is 

The response for this condition is shown in Fig 7 4C 
7 6 Arbitrary Force 

In the preceding sections the response of various combinations of 
elements to a unit force has been obtained The value of the unit force 



solution is that the response to any arbitrary force can be obtained from 
the unit force solution by a single tnt^ration of Duhamel’s integral 
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It is the purpose of this section to illustrate the proof and use of this 
integral. 

The discussion will be confined to the electrical system. This proof, 
as in the case of the preceding sections, can be extended to apply to 
mechanical and acoustical systems. Let the arbitrary electromotive 
force be represented by the curve of Fig. 7.5. The curve can be assumed 
to be made up of a series of unit type electromotive forces, as shown in 
Fig. 7.5. At / = 0 an electromotive force is impressed upon the sys- 
tem. A time u\ later, an electromotive force e\ is added, a time later, 
an electromotive force is added, etc., all being of the unit type. The 
current at a time t is then the sum of the currents due to (?o at / = 0, 

at / = Uxt etc. The current due to is exiAsif), where Asif) is the 
indicial electrical admittance. The current due to the electromotive 
force Le, which begins at time «, is obviously AeAsit — ti)y t — u 
being the time elapsed since the unit electromotive force Ai? was turned 
on. Therefore, the total current at the time /< = / is 


i — eoAsit) + 'y ^ LeAsit — u) 

ii«0 


7.65 


e 


— e{u)du 
du 

eoAsit) + 


fAEit - 

Jo 


u) — e{u)du 
du 


7.66 


The above expression may be transformed into different forms. 
The integral may be transformed by integrating as follows: 



UdV= UV 


I-/ 


VdU 


7.67 


U = A{t — u) 


dV = de{u) 


V = e{u) 

Making the above substitutions, a new expression for the current 
follows: 

/ t Q 

^(«) ~ Asit — u)du 
du 


7.68 
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Equation 7 68 IS a fundamental formula which shows the mathe 
matical relation between the current and the t>pe of electromotive 
force and the constants of the system 
The important conclusions r^ardmg Duhamel’s integral are as fol 
lows The indicial admittance of an electrical network determines within 
a single integration the behavior of a network to any type of electro- 
motive force In other words a knowledge of the jndicial admittance is 
the only information necessary to completely predict the performance 
of a sjstem including the steady state 
The velocity, angular velocity and volume current in the mechanical 
rectilineal, mechanical rotational and acoustical systems are analogous 


to the equation for the current in the electrical system Therefore 
Duhamel’s integrals in the mechanical rectilineal, mechanical rotational 
and acoustical systems are as follows 

» =/«(0A,(O) 

7 69 


770 

U = p(j)AAiO) + Pin) 

771 


The following general conclusion can be stated as follows The indictal 
admittance of any vibrating system determines within a single mtegra 
tion the behavior of the system to any type of applied force 
The Heaviside calculus then becomes an important tool in the solu 
tion of transient problems in mechanical and acoustical systems Since 
a great number of problems in these fields involve impulsive forces the 
use of analogies makes it possible to use the tremendous storehouse of 
information on electrical systems for the solution of problems in me 
chanical and acoustical systems 

As an example illustrating the use of Duhamel’s integral consider an 
electromotive force Ef~^^ impressed on the electrical circuit of Fig 7 3 
consisting of an electrical resistance and electrical capacitance in series 
The mdicial electneal admittance from equation 7 28 is 

/isif) — — « Cm* 


772 
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It follows from equation 7.72 that 

Ae^ — m ) = — e~Csrs^‘ 

rs 


-Asit - «) = 

of 


1 


CeTe‘ 


£ Cere 


(t-u) 


eiu) = £6-^“ 
e(t) = Ee-^‘ 


AsiO) 


rs 


Substituting the above expression in equation 7.68, the 

i;-pn bv 


given by 




-pt rl 

\ f" / ~ 

E *a0 


ECe 

f = 


fJB Jo CeTe 

1 


—P'i \ 
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7.73 
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Similar analysis and analogous equations may be obtained for a com- 
bination of a mechanical rectilineal resistance and a compliance, a 
mechanical rotational resistance and a rotational compliance, and an 
acoustical resistance and an acoustical capacitance. 



CHAPTER VIII 

DRIVING SYSTEMS 


81. Introduction 

An electromechanical or electroacoustic transducer or driving system is 
a system for converting electrical vibrations ir>to the corresponding me 
chanical or acoustical vibrations The most c<>mmon driving s) stems in 
use to-day for converting electrical variitions into mechanical vibrations 
are the electrodynamic, the electromagnetic, the electrostatic, the mag 
netostnctive and the piezoelcctnc It is the purpose of this chapter to 
consider the electrical and mechanical characteristics of these driving 
systems 


8 2 Electrodynamic Driving System 
A moving coil or dynamic driving system is a driving system in 
which the mechanical forces are developed by the interaction of currents 



Fiq 8 t Eltctrodynamic driving system In tKt electrical circvni iejv, the normal 
electrical impedance of the voice coil zev, the motional electrical impedance of the 
VO ce coil 2£i, the damped electneal impedance of th® voice coil Zbi = rn +j<^Li 
Li and tei, the damped indoennee and dectncal r«i5tance of the voice coil In the 
mechanical circuit fu, the driving force the methamcal rectilmeal impedance of 

the voice coil Zari, the mecbanical rectilineal impedaiit:e of the load 
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in a conductor and the magnetic field in which it is located. The system 
is depicted in Fig. 8.1. The force, in dynes, due to the interaction of 
the current in the voice coil and the polarizing magnetic field is 

fid — -B/I 8.1 


where B = flux density, in gausses, 

1 = length of the conductor, in centimeters, and 
i = current, in abamperes. 

The electromotive force, in abvolts, developed by the motion of the 
conductor is 

e = Blx 8.2 

where x — velocity, in centimeters per second. 

From equations 8.1 and 8.2 

8.3 

t Jm 

e 

~ = zem 8.4 

t 

where Zem — electrical impedance, in abohms, due to motion, termed 
motional electrical impedance. 

From the mechanical circuit ^ of Fig. 8.1, the mechanical rectilineal 
impedance of the vibrating system at the voice coil is 

zm = Zjmi + zm2 8.5 

' In the illustrations in the preceding chapters the elements in the electrical 
network have been labeled rE, L and Ce- However, in using analogies in actual 
practice, the conventional procedure is to label the elements in the analogous 
electrical network with rju, m and Cu for a mechanical rectilineal system, 
with TR, I and Cr for a mechanical rotational system and with ?u, M and Ca. 
for an acoustical system. This procedure will be followed in this chapter in 
labeling the elements of the analogous electrical circuit. It is customary to 
label this network with the caption “analogous electrical network of the mechani- 
cal system” (or of the rotational system or of the acoustical system) or with the 
caption “mechanical network” (or rotational network or acoustical network). 
The latter convention will be used in this chapter. When there is only one path, 
circuit will be used instead of network. 
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magnetic driving systems, namely, the unpolarized armature type, the 
polarized reed type and the polarized balanced armature type. 

A. Unpolarized Armature Type . — ^The unpolarized armature driving 
system consists of an el&stromagnet operating directly upon an armature. 
The armature is spaced at a small distance from the pole piece wound 
with insulated wire carrying the alternating current. Since there is no 
polarizing flux, the driving force frequency is twice the frequency of the 
impressed current to the coil. 

Consider the system shown in Fig. 8.2. Assume that all the reluctance 



MECHANICAL CIRCUIT 


Fig, 8.2. Unpolarized armature electromagnetic driving system. In the electrical circuit: 
tnut the normal electrical impedance of the coil. Zfiju, the motional electrical impedance 
of the coil. ZE\, the damped impedance of the coil, zei = rsi + juLi. L\ and rjsi, the 
damped inductance and electrical resistance of the coil. In the mechanical circuit: 
Jmi the driving force, z^ri, the mechanical rectilineal impedance of the armature, 
zj/j, the mechanical rectilineal impedance of the load. 


resides in the air gap. The total flux, in maxwells, through the middle 
Dole, in the absence of motion is 


^ TirnAi a 
a a 

where n = number of turns. 


8.9 


A = area of the middle pole, in square centimeters, it is assumed 
that the combined area of the two outside poles is equal to 
the area of the middle pole 

a = spacing between the armature and pole, in centimeters, 

/ = current, in abamperes, and 
C = litnA. 
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Assume that the armature is displaced from its normal position a dis- 
tance Ax centimeters towards the pole, the total flux is 

O 


Now let the armature be displaced a distance Ax centimeters away 
from the pole, the total flux is 


— A<t>T 


Ct 

a + Ax 


811 


The difference in flux for these two conditions is 


2A(t>T * 


' (Ax)* 


The change in flux with respect to time is 

A»r Cl Ax 
Al t? — (Ax)* At 

The voltage, m abvoUs, generated due to motion is 


814 


If Ax IS small compared to a, then from equations 8 13 and 8 14 


815 


The force on the armature, in dynes, is 


\f)vA 


816 


where t = current in the cod, in abamperes, 

C “ 2TnA, 

A = area of the center pole, in square centimeters, 
n = number of turns, and 
a as normal spacing, m centimeters 
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If the current in the coil is sinusoidal, then the expression for the 
current can be written 

f — tjuax Sin o)/ 8*17 


where /max = amplitude of the current in abamperes, 
w = Ivf 

/ = frequency in cycles per second, and 
t = time, in seconds. 


Substituting equation 8.17 for the current in 8.16, the force on the 
armature is 

2 

JM ~ y, 2 ^ max 


sin^ to/ 


~ *^“ax ( 5-2 COS 2co/) 8.18 


Equation 8.18 shows that there is a steady force and an alternating 
driving force of twice the frequency of the impressed current. 

From the mechanical circuit of Fig. 8.2, the mechanical rectilineal 
impedance of the vibrating system is 

zm = zjifi + zm2 8.19 

where Zm = total mechanical rectilineal impedance at the armature, in 
mechanical ohms, 

Zjin = mechanical rectilineal impedance of the armature, in me- 
chanical ohms, and 

Zm 2 — mechanical rectilineal impedance of the load, in mechanical 
ohms. 


The mechanical rectilineal impedance at the armature is 

Jm 


Zm = 


From equations 8.15 and 8.16 

i _ ^ 

/ AtAo^Jm 


8.20 


8.21 
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From equations 8 19, 8 20 and 8 21 




a*z\t 


822 


where 2 £Af ** motional electrical impedance, in abohms, 
n s* number of turns, 

A = area of center pole, in square centimeters, 
t = current, in abamperes, 
a «= spacing, in centimeters, and 
z\i ~ mechanical rectilineal impedance of the load including 
the armature, m mechanical ohms 

The normal electrical impedance zejm, in abohms, of the coil is 

Sew = 2£i + Z£V 823 

where z^t » damped electrical impedance of the coil, in abohms, and 
zbm » motional electrical impedance of the coil, in abohms 

The motional electrical impedance as given by equation 8 23 may be 
represented as m senes with the blocked or damped electrical impedance 
of the coil as depicted by the electrical circuit in Fig 8 2 
The frequency of vibration of the armature is twice the frequency of 
the impressed electrical current Therefore, this system cannot be used 
for the reproduction of sound It is, however, a simple driving system 
for converting electrical variations into mechanical vibrations of double 
frequency The unpolarized driving system is used for low frequency 
supersonic generators, saws, filing machines, vibrators and clippers 
B Polarized Reed Armature Type — reed armature driving system 
consists of an electromagnet operating directly upon an armature of steel 
as m Fig 8 3 The steel armature is spaced at a small distance from a 
pole piece wound with insulated wire carrying the alternating current 
and supplied with steady flux from the poles of a permanent magnet 
The flux, in maxwells, due to the permanent magnet is given by 



where M. “ magnetomotive force of the magnet, m gilberts, and 
Ri = reluctance of the magnetic arcuit, in oersteds 
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The flux, in maxwells, due to the sinusoidal current /max sin ut in the 
coils is given by 

47rN/roax Sin Uit g 2 ^ 

Ri 


where N = number of turns in the coil, 

/ = current in the coil, in abamperes, 

R 2 = reluctance of the alternating magnetic circuit, in oersteds, 
6) = IttJ, 

f = frequency, and 
t — time. 



MECHANICAL CIRCUIT 


Fio. 8.3. Polarized reed armature electromagnetic driving system. In the electrical 
circuit: zeN} the normal electrical impedance of the coil, zem, the motional electrical 
impedance of the coil, zei, the damped impedance of the coil, zei = rsi + juLi. 
Li and tei, the damped inductance and electrical resistance of the coil. In the mechani- 
cal circuit: /m, the driving force, zjin, the mechanical rectilineal impedance of the 
armature system, zjtj, the mechanical rectilineal impedance of the load. 


The force, in dynes, on the armature is 

f _ (*^1 + *^ 2 )^ _ MMmax sin wt 

%TtA ~ %-eR^A ^ R1R2A 

, trN / max Tt/V / max COS 2c0/ n n/- 

R^ 

where A = effective area of the pole in square centimeters. 

The first and third terms of the right hand side of equation 8.26 repre- 
sent a steady force, the second term represents a force of the same fre- 
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quency as the alternating current and the last term represents a force of 
twice the frequency of the alternating current Referring to equation 
8 26 It will be seen that the driving force is proportional to the steady 
flux ^1 Also must be large compared to <^ 2 j m order to reduce second 
harmonic distortion For these reasons the polarizing flux should be 
made as lai^ as possible 

The motional electrical impedance of this system will now be con 
sidered If all the reluctance is assumed to reside in the air gap, the flux, 
in maxwells, through the armature is 


4>i ■■ 


MA 


8 27 


where M ~ magnetomotive force, in gilberts, due to the steady field, 
a — spacing between the armature and pole, in centimeters, and 
A « area of the pole, in square cenumeters 

Let the armature be deflected a distance A* towards the pole, the flux 
will now be 

+ A0I — 8 28 

a Lv; 

Now let the armature be pulled away from the normal position a 
distance of Lx, the flux wilt be 

01 — A0I =» ; — — 

<z + Aat 

The difference in flux through the armature for these two conditions is 

MA _ MA IMALx 2MALX 
- Lx 


2A0J = - 


a-\- Lx — (Ax)® 
This change m flux with respect to the time is 
<^01 MA dx 


29 


30 


dt 


dt 


8 31 


The electromotive force, jn abvolts, generated m the coil due to this 
deflection of the armature is 

,,</ 0 i NMA 
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Leaving out the steady 
equation 8.26 becomes 


force and the force of twice the frequency, 


, MNi 
~ RxR^A 


8.33 


From the mechanical circuit of Fig. 8.3, the mechanical rectilineal 
impedance of the vibrating system is 

%M = ZMl + ZM2 8.34 

where zjvr = total mechanical rectilineal impedance at the armature 
directly above the pole piece, in mechanical ohms, 
zmi = mechanical rectilineal impedance of the armature, in me- 
chanical ohms, and 

zm 2 = mechanical rectilineal impedance of the load in mechanical 
ohms. 


The mechanical rectilineal impedances zm, zmu and Zmz are referred to 
a point on the armature directly over the pole piece. 

The mechanical rectilineal impedance of the armature directly above 
the pole piece is 



8.35 


Combining equations 8.32 and 8.33, 


e _ ^ 

i Jm RiRza^ 


From equations 8.34, 8.35 and 8.36 


ZeM — D iT 2 

RiR^a Zj^f 


8.37 


where Zem = motional impedance, in abohms, 

Zm = total mechanical impedance with reference to a point on 
the armature directly over the pole piece. 

From equations 8.24 and 8.37, assuming Ri = R 2 


ahM 


zem = 


8.38 
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Equation 8 38 is similar to equation 8 7 for the electrodynamic sys- 
tem The normal electncal impedance ZEh , m abohms, of the coil is 

tEN = Z£i -f- zgi/ 8 39 

where zei ~ damped electncal impedance of the coil, in abohms, and 
= motional electncal impedance of the coil, jn abohms 

The motional electrical impedance as given by equation 8 38 may be 
represented as in senes with the blocked or damped electrical impedance 
of the coil as depicted by the electncal circuit in Fig 8 3 
This driving system is not generally used m loud speakers The most 
common example of this dnving system is the bipolar telephone receiver 
where the diaphragm is the armature 
C Polarized Balanced Armature Type —There are innumerable pos- 
sibilities in the design of a magnetic driving system The preceding 



circuit 2BN, the normal electncal impedance of the coil the motional electncal 

impedance of the coil *si, the damj^ rfectncj impedance of the coil sbi * rsi + 
juLi Li and r£i, the damped inductance and electncal resistance of the coil In the 
mechanical circu t /u, the dnving force Zif,, the mechanical rectilineal impedance of 
the armature zin, the mechan cal rectilineal impedance of the load 23ii and Zui are 
referred to a point on the armature d recily over a pole piece 

section considered the simplest magnetic driving system in which both 
the steady flux and the alternating flux flow through the armature It 
is the purpose of this section to consider the balanced armature type of 
driving system in which only die alternating flux flows through the 
armature 
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A typical balanced armature driving system is shown in Fig. 8.4. 
The steady field is usually supplied by a permanent magnet. The arma- 
ture is located so that it is in the equilibrium with the steady forces. The 
alternating current winding is wound around the armature. The steady 
force, in dynes, at the poles (Fig. 8.4) due to the magnetic field is 


Sm = 


±1- 


8.40 


where <j)i = total flux, in maxwells, at each pole due to the permanent 
magnet, and 

/i = effective area, in square centimeters, of the pole piece. 


The flux, in maxwells, at the poles due to a current in the coil is 


tf)2 


4TrNi 

R2 


8.41 


where N = number of turns in the coil, 

i = current in the coil, in abamperes, and 
= reluctance of the magnetic circuit, in oersteds, which the 
coil energizes. 

The sum of the forces, in dynes, at the four poles acting upon the 
armature due to a current in the coil is 

_ 2{<f)i -b 02)^ ^ 2(4>i — <j>2)^ _ 0i<fi2 
^ %-kA ZirA wA 

or 

In the case of the simple reed driving system a second harmonic 
term appeared in the force when a sinusoidal current was passed through 
the coil. It is interesting to note that in the case of the balanced arma- 
ture the second harmonic term cancels out due to the push pull arrange- 
ment. 

The motional impedance of this system will now be considered. Let 
the armature be deflected clockwise a distance of from the poles. The 


8.42 

8.43 
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flux, in maxwells, through the armature to the right and upward, assum 
mg that the entire reluctance exists in the air gap, is 




UA 

2(tf - tix'\ 


844 


where M - magnetomotive force, in gilberts, of the steady field, 

a == spacing between the armature and pole, in centimeters, and 
A = effective area of a pole piece, in square centimeters 


The flux through the armature to the left and downward is 


<t>i — ^4>i 


MA 

2(tf + Ax) 


845 


The flux through the armature is the difference between equations 
8 44 and 8 45 


MA^ MAiiX 

The change in flux with respect to the time is 
dt" ^ 


845 


8 47 


The electromotive force, m ahvolts, generated m the coil is 


M NMA 


From the mechanical circuit of Fig 8 4, the mechanical rectilineal 
impedance of the vibrating system ts 

zv « zux + z\i2 8 49 

where zjr = total mechanical rectilineal impedance, in mechanical ohms, 
SATi = mechanical rectilineal impedance of the armature, m me 
chanical ohms, and 

21/2 mechanical rectilineal impedance of the load, mmechanicsd 
ohms 
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The mechanical rectilineal impedances Zm, and Zm 2 are referred 
to a point on the armature directly above a pole piece. 

The mechanical rectilineal impedance at the armature directly over a 
pole piece is 



8.50 


Combining equations 8.43 and 8.50, 

^ 

i a^Rz Jm 

From equations 8.49, 8.50 and 8.51 

ZEM = — 2 d 

a^R2ZM 


8.51 


8.52 


where zem = motional electrical impedance, in abohms, and 

Zm = total mechanical rectilineal impedance including the arma- 
ture with reference to a point on the armature directly 
over one of the pole pieces. 

If the entire reluctance is assumed to reside in the air gap, equation 
8.52 may be written 

8.53 

« zjir 


Equation 8.53 is essentially the same as equation 8.38 for the reed 
armature type and is similar to equation 8.7 for the electrodynamic 
system. The normal electrical impedance zen, in abohms, of the coil is 

Zen = zei + Zem 8.54 

where Zei = damped electrical impedance of the coil, in abohms, and 
Zem = motional electrical impedance of the coil, in abohms. 

The motional electrical impedance as given by equation 8.53 may be 
represented as in series with the blocked or damped electrical impedance 
of the coil as depicted by the electrical circuit in the Fig. 8.4. 

When the armature is displaced by the current, means must be pro- 
vided for returning the armature to the equilibrium position. Due to 
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the laj^e magnetic forces, the stiffness of the centering system must be 
relatively large 

This driving system is used for loud speakers, galvanometers, for 
motion picture film recording and for facsimile printers 

In actual practice it appears very difficult to reduce the stiffness 
sufficiently so that the resonance of the system will occur below 100 
cycles Therefore, when this driving system is used for a loud speaker 
the response will fall off quite rapidly below the resonance frequency 

8 4 Electrostatic Driving System 

An electrostatic driving system is a driving system in which the 
mechanical forces result from electrostatic reactions Consider the 
system of Fig 8 5 consisting of a vibrating surface moving normal to 



Fto 8 5 Electrostatic dnving system In the electneal network zbn, the norma] elec 
tncal impedance of the condenser z^ar, the motiona] electrical impedance of the con 
denser z^j, the damped clectncal impedance of the condenser z^i “ I/juCe: 
Ceu the damped electrical capacitance of the condenser In the mechanical circuit 
/it, the dnving force zw,, the mechanical rectilineal impedance of the movable plate 
zmii the mechanical rtctslineal impedance of the load 


Its plane and separated from a fixed conductor 
between the plates is 


fa 


8t/^ 


The force, m dynes, 
8 55 


where e ~ electromotive force between plates, in statvolts, 

a = normal distance between the plates, m centimeters, and 
/i — area of the plate, in square centimeters 



ELECTROSTATIC DRIVING SYSTEM 


145 


Assume that the polarizing voltage is eo and that the alternating 
voltage is e = emax sin wt. The force, in dynes, between the plates is 

, (^0 + sin W/) V 

JM — « o o.jO 


/m = 


Cq + 2gogmax sin bit + - j g^max COS 2fa)t 


8.57 


The first and third terms in the numerator of equation 8.57 represent 
steady forces. The fourth term is an alternating force of twice the fre- 
quency of the impressed voltage. The second term is an alternating 
force of the frequency of the impressed voltage. If the polarizing electro- 
motive eo is large compared to the alternating electromotive force emax 
sin (x>t, the fourth term will be negligible. The useful force, in dynes, 
then is the second term which causes the moving surface to vibrate 
with a velocity which corresponds to the impressed electromotive force. 


Jm 


^O^max sin Cd/ CqC ^ 


8.58 


The motional impedance of this system will now be considered. 

The charge, in statcoulombs, on the condenser is 

q — 8.59 

where eo = potential difference between the plates, in statvolts, and 
Ce = capacity per unit area, in statfarads. 

The current, in statamperes, generated due to motion is 


i — 


dt 


8.60 


From equations 8.59 and 8.60 the generated current is 


t = eo 


dCs dx 
dx dt 


The capacitance of the condenser, in statfarads, is 

A 


Ce\ = 


47r« 


8.61 


8.62 
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Let the movable plate be deflected a distance away from the fixed 
plate The capacitance J9 


Cbi ■“ A&t “ 


4r{a + Ax) 


8 63 


Now let the movable plate be deflected a distance Ax towards the 
fixed plate The capacitance is 


Cbi + ACbi 


A 

4T(fl — Ax) 


8 64 


The difference between the two conditions is 

A Ax A Ax 

The change in capacitance with respect to x is 

^Cbi ^ 1 
dx 4*d* 


8 65 


8 66 


Substituting equation 8 66 in 8 61^ the generated current, in stat* 
amperes, is 


eoA 

* w* 


867 


From the mechanical circuit of Fig 8 5, the mechanical rectilineal 
impedance of the vibrating system >s 

zjif =» 2ifi + Xm2 8 68 

where zia = total mechanical rectilineal impedance of the vibrating 
system, in mechanical ohms, 

2vi — mechanical rectilineal impedance of the vibrating plate, m 
mechanical ohms, and 

— mechanical rectilineal impedance of the load, in mechanical 
ohms 


The mechanical rectilineal impedance at the plate is 


Zif = 


X 


8 69 
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From equations 8.58 and 8.67 

e _ Jm 

i ^ 

From equations 8.68, 8.69 and 8.70 

1671 ^^?^ 
^EM ~ 2 j2 

Bq a 


8.70 


8.71 


where ZEjvf = motional electrical impedance, in statohms, and 

zm = total mechanical rectilineal impedance presented to the 
vibrating surface including the vibrating surface. 


The normal electrical impedance ZENy in statohms, of the condenser is 


ZBlZfiilf 

Zen — ; 

Zei + ZeM 


8.72 


where Zei = damped electrical impedance of the condenser, in statohms, 
and 

Zem — motional electrical impedance of the condenser, in stat- 
ohms. 


The motional electrical impedance as given by equation 8.72 may be 
represented as in parallel with the blocked or damped electrical im- 
pedance of the condenser as depicted by the electrical network in Fig. 
8.5. 

The condenser driving system has been employed as a loud speaker 
in which case the moving electrode radiates directly into the air. Means 
must be provided to keep the electrodes separated without, at the same 
time, adding a large stiffness. In a bilateral or push pull arrangement 
the movable electrode is placed between two stationary plates and the 
large steady forces are balanced out. 

8.5. Magnetostriction Driving System 

A magnetostriction driving system is a driving system in which the 
mechanical forces result from the deformation of a ferromagnetic mate- 
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rial having magnetostriction properties The term “Joule effect is 
applied to the phenomena in which a change m linear dimensions occurs 
when a magnetic field is applied along a specified direction The term 
‘ ViUaii effect” is applied to the pKtuomena vn wKkK a change \n mag 
netic induction occurs when a mechanical stress is applied along a 
specified direction 

Consider the system shown m Fig 8 6 Assume that the rod is 
clamped so that no motion is possible and that a current is applied to 



ueCMAMICAL CIRCUIT 


Flo 8 6 MajnttMtnetion dnving » 7 stnn In the elecincal cirtuii *fv the totmd 
dectncal impedance of the coil tstl, the motional elecincal impedance of the coL 
iSh the damped electneal impedance of the co I zn * rgi + Rod rt thi 

damped inductance and electneal re$ stance of the coil In the mechanical crcujt 
/jtf> the driving force *if» the mechanical rectilineal impedance of the tod *i{i tht 
mechanical reculineal impedance of the load 

the winding, then the mechanical stress, in dynes, due to the Joule 
effect, IS 

/if = sin orf + ABpK 8 73 

where K *= constant representing the dynamical Joule magnetostnctiofl 
effect, 

A = cross sectional area of the rod, m square centimeters, 

Bp = polanjing flux, in gausses, 

B *= amplitude of the alternating flux, in gausses, 

« « Ir/, 

f = frequency, in cycles per second, and 
t — time, in seconds 
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The relation between flux and the current is 


B = 


47rM 

RA 


where N = number of turns, 

i = current in the coil, in abamperes, 

R = reluctance of the magnetic circuit, and 
A = area of the rod, in square centimeters. 


8.74 


Combining equations 8.73 and 8.74 and eliminating the steady force. 


AtNiK . 

Jm = — 5 — sin oit 


8.75 


where K = constant representing the dynamical Joule magnetostriction 
effect, 

R = reluctance of the magnetic circuit, 

N = number of turns in the coil, 
i = current, in abamperes, 

6 ) = Itt/, 

f = frequency, in cycles per second, and 
t = time, in seconds. 


If the rod is allowed to vibrate, this stress may be considered to be 
the driving force. 

The electromotive force, in abvolts, induced in the winding, due to 
the Villari effect, is 

e = NA— 8.76 

where N = number of turns, 

A = cross-sectional area of the nickel rod, in square centimeters, 
and 

B = magnetic induction, in gausses. 


The magnetic induction is 


AttK 

B = —7^ X 
AR 


8.77 


where x = total extension of deformation, in centimeters, and 

K = constant representing the dynamical Villari magnetostric- 
tion effect. 
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The induced volt^e, in ahvolts> ts 

ArNK 

From equation 8 75 

fuR 
' ” irNK 

t 

T A 


878 


8 79 


In the above consideration it haa been assumed that the stress and 
driving force are uniform over the length of the rod Under these condi 
tions the rod is a compliance given by 

880 


where ^ •* cross sectional area of the rod, in square centimeters, 
/ length of the rod, m centimeters, and 
E - Young s modulus 


The mechanical rectilineal impedance of the rod is 


zvi 


I 


For the conditions under consideration the mechanical rectilineal im 
pedance of the vibrating system, from the mechanical circuit of Fig 
8 6, is 

2jr — zari + zms 8 


where Zat *= total mechanical rectilineal impedance, in mechanical ohms, 
zjtfi = mechanical rectilineal impedance of the rod, in mechanical 
ohms, and 

2s£i = mcchamcaltectiUncalvtn.ped3.0jceoftKelQad,iti mechanical 
ohms 


The mechanical rectilineal impedances Zv, zvi and rv 2 are referred 
to one end of the rod with the other end rigidly fixed The dimensions 
of the rod are assumed to be small compared to the wavelength 
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The mechanical rectilineal impedance at the end of the rod is 


Zjlf 



8.83 


From equations 8.79, 8.82 and 8.83 


Zem = 


B?zm 


8.84 


where zem = motional electrical impedance, in abohms, and 

zm ~ total mechanical rectilineal impedance load upon the rod, 
including the effective mechanical rectilineal impedance 
of the rod, in mechanical ohms. 

The normal impedance of the coil is 

Zen ~ zei + Zem 8.85 

where zei ~ damped impedance of the voice coil, in abohms, and 
Zem = motional impedance, in abohms — equation 8.84. 

The damped impedance of the coil of most magnetostriction systems 
comprises a resistance in series with an inductance (Fig. 8.6). The 
damped impedance and the motional impedance are effectively in series, 
as shown by equation 8.85 and depicted by the electrical circuit in 
Fig. 8.6. 

In the above considerations the length of the rod is assumed to be a 
small fraction of the wavelength. In general, magnetostriction driving 
systems ^ are operated at resonance. The three most common systems 
are as follows: a rod fixed on one end and loaded on the other, a rod 
free on one end and loaded on the other and a free rod. The lumped 
constant representations of the three systems depicted by the mechanical 
networks in Fig. 8.7 are valid near the resonant frequency of the rod. 

The mass mi in Fig. 8.7 is given by 



“ Mason, “Electromechanical Transducers and Wave Filters,” D. Van Nos- 
trand Co., Princeton, N. J., 1946. 
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due to resistance, that is, air load and support resistance. This load is 
designated as the mechanical rectilineal resistance ru in Fig. 8.7(7. 

The vibrating systems A and B given in Fig. 8.7 are usually employed 
to produce sound waves in liquids or gases. The vibrating system of 
Fig. 8.7C is usually employed as an element in a filter or as a frequency 
standard. For the latter use it is important that the load be very small. 



Fig. 8.8. Magnetostriction in nickel. 


The mechanical rectilineal impedance zm atfn can be obtained from 
the mechanical networks of Fig. 8.7. The motional electrical impedance 
can be obtained from equation 8.84. The normal electrical im- 
pedance can then be determined from the electrical circuits of Fig. 8.7. 

The magnetostrictive constant may be determined from the deforma- 
tion-flux density characteristic. The elongation per unit length as a 
function of the flux density for nickel is shown in Fig. 8.8. 

The deformation per unit length, due to a force, is 


where /aj = 
A^ 


X = 


Jm 

EA 


total force, in dynes, 

area, in square centimeters, and 

Young’s modulus. 


8.88 
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The magnetostnctjve force is 

Ju^KAB 889 

where K magnetostriction constant, 

B “ flux density, and 
A = area, m square centimeters 

From equations 8 88 and 8 89 the deformation per unit length is 


The magnetostrictivc constant K can be determined from the above 
equation, the data of Fig 8 8 and Young's modulus 


8 6 Pie 2 oelectric Driving System 

A piezoelectric dnving system is a driving system m which the me 
chanical forces result from the deformation of a crystal having converse 



MCCHANtCAL CIRCUIT 


Fio 8 9 Piezodectnc driving system In die dectneal network the normal dec 
tncal impedance of the crystal the motional electncal impedance of the crystal 

the damped electrical impedance of the crystal asi = l//wC«i Cffi the damped 
e ectneal capaotance of die crystal In the mechanical circuit /jij , the dnving force. 
zjui> the mechanical rectilineal impedance of the crystal themechamcalrecaLneal 

impedance of die load 


piezoelectric properties Among the crystals that exhibit piezoelectric 
phenomena are quartz, tourmaline, and Rochelle salt 
The consideration will be that of an X cut quartz crystal (Fig 8 9) 



PIEZOELECTRIC DRIVING SYSTEM 155 

The chargCj in statcoulombsj due to the application of a force, is 

q = KJm 8.91 

where K = constant of the crystal, 6.4 X 10~® for quartz, and 
Jm = force, in dynes. 


The displacement, in centimeters, due to an applied force, is 


X = 


Juh 

EA 


where Jm = force, in dynes, 

/g — length of the crystal, in centimeters, 

E — Young’s modulus, and 
A = cross-sectional area, in square centimeters. 


8.92 


From equations 8.91 and 8.92 

hq 

^ KEA 

Differentiating equation 8.93, 

• _ 

^ KEA 


8.93 


8.94 


The deflection, in centimeters, due to the application of a voltage, is 

Ke 8.95 

where K = constant of the crystal, 6.4 X 10“® for quartz, and 
e = applied voltage, in statvolts. 


From equations 8.92 and 8.95 


Jm = 


KEAe 


8.96 


From equations 8.94 and 8.96 




i K^E^A^k 


8.97 



156 


DRIVING SYSTEMS 


In the above consideration it has been assumed that the stress and 
driving force are uniform over the length 4 of the crystal Under these 
conditions the crystal is a compliance given by 

= 898 


where A = cross-sectional area of the crystal, m square centimeters, 
/ = length of the crystal, in centimeters, and 
£ = Young’s modulus 

The mechanical rectilineal impedance of the crystal is 


juiCiix 


For the conditions under consideration the mechanical rectilineal 
impedance of the vibrating system, from the mechanical circuit of Fig 
8 9, IS 

2V “ Z\t\ + 2v2 8 100 


where sv ■» total mechanical rectilineal impedance, in mechanical ohms, 
ayx * mechanical rectilineal impedance of the crystal, in methan 
ical ohms, and 

2 u 2 “ mechanical rectilineal impedance of the load, m mechanical 
ohms 


The mechanical rectilineal impedances zy, zjri and Zyg are referred 
to one end of the crystal with the other end ngidly fixed. The dimen 
sions of the crystal are assumed to be small compared to the wavelength 
The mechanical rectilineal impedance at the end of the crystal is 



BlOl 


From equations 8 97, 8 100 and 8 101 

^ 


8 102 


where Zev == motional electrical impedance, in statohms, and 

Zn = total mechanical rectilineal impedance including the crys- 
tal 
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The normal electrical impedance of the crystal system is 


^EN — 


zem 

1 +j(>3CElZEM 


8.103 


where Zem = motional impedance, equation 8.102, and 

= capacitance of the crystal in the absence of motion. 

The damped impedance and the motional impedance are effectively 
in parallel as shown by equation 8.103 and depicted by the electrical 
circuit in Fig. 8.9. 

In the above considerations the length of the crystal is assumed to be 
a small fraction of the wavelength. In general, piezoelectric driving 
systems are operated at resonance. The three most common systems ^ 
are as follows: a crystal fixed on one end and loaded on the other, a 
crystal free on one end "and loaded on the other and a free crystal. The 
lumped constant representations of the three systems depicted by the 
mechanical networks in Fig. 8.10 are valid near the resonant frequency 
of the crystal. 

The mass Wi, in Fig. 8.10, is given by 



where p = density of the crystal, in grams per cubic centimeter, 

4 = length of the crystal, in centimeters, and 
J = cross-sectional area of the crystal, in square centimeters. 

The compliance Cjin, in Fig. 8.10, is given by 


Cmi = 


84 


8.105 


where J = cross-sectional area of the crystal, in square centimeters, 

4 = length of the crystal, in centimeters, and 
E = Young’s modulus. 

The compliance given by equation 8.105 is S/ir^ times the static com- 
pliance given by equation 8.98. 


. ' Mason, "Electromechanical Transducers and Wave Filters.” D. Van Nos- 
trand Co., Princeton, N. J., 1946. 
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The load on the end of the crystal is the mechanical rectilineal im 
pedance zui In the case of a free crjstal, Fig 8 IOC, the only load is 
the dissipation due to resistance, that is, air load and support resistance 
This load is designated as the mechanical rectilineal resistance m m 
Fig 8 IOC 




CLterRCAU NtTWORRS 


Fio 810 PiRoelectnednnngitTtteins A Crrsttl fixed on one end and loaded on the 
other B Cryital free on one end and loaded on the other C Free cryital, that it, 
a 1 ght load on both ends In the clcctncal networks x^v, the normal eleetncaj imped 
anee of the crystal seu, the motional electrical impedance of the crystal x;i, the 
damped clectncal impedance of the cryjtal xn ~ l/jvCgt Cfi, the damped clectncal 
eaptatince of the crystal. In the oiechamcal networks /m the dnnng force xs/i, the 
mcehasucal rectskneal impedance of themtchanicai load sjft, the mechanical recbliDCi! 
impedance of the crystal /mand Cuu the effective mass and compliance of the crystal 


The vibrating sjstems /f and B m Fig 8 10 are usually employed to 
produce sound waves m liquids or gases The vibrating system of Fig 
8 IOC is usually employed as an element in a filter or as a frequency 
standard For the latter use it is important that the load be very small 
The mechanical rectilineal impedance sv at /\{ can be obtained from 
the mechanical networks of Fig 8 10 The motional clectncal impedance 
ZBU can be obtained from equation 8 102 The normal electncal im 
pedance can then be determined from the electncal networks of Fig 
810 
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GENERATING SYSTEMS 


9.1. Introduction 

A mechanical electrical generating system is a system for converting 
mechanical or acoustical vibrations into the corresponding electrical 
variations. The most common generating systems in use to-day for con- 
verting mechanical vibrations into the corresponding electrical varia- 
tions are the electrodynamic, the electromagnetic, the electrostatic, the 
piezoelectric and the magnetostriction. It is the purpose of this chapter 
to describe the electrical and mechanical characteristics of these generat- 
ing systems. 

9.2. Electrodynamic Generating System 

A moving conductor or a moving coil generating system is a gener- 
ating system in which the electromotive force is developed by motion 
of a conductor through a magnetic field. 

The voltage, in abvolts, due to the motion of the conductor in the 
magnetic field. Fig. 9.1, is 

e = Blx 9.1 

where B = flux density, in gausses, 

/ = length of the conductor, in centimeters, and 
X = velocity of the conductor, in centimeters per second. 

The velocity of the conductor is governed by the mechanical driving 
force, the mechanical rectilineal impedance of the mechanical system, 
and the mechanical rectilineal impedance due to the electrical system. 
The vibrating system is shown in Fig. 9.1. In the mechanical circuit ^ 
Zm represents the mechanical rectilineal impedance of the mechanical 
portion of the vibrating system actuated by /m including the mechanical 
rectilineal impedance of the coil at the voice coil, /jvf represents the 


1 See footnote 1, page 131. 
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mechanomotive force at the voice coil The mechanical rectilineal im- 
pedance due to the electrical system hom equation 8 7 of the chapter on 
Driving Systems, is 


where B == flux density, in gausses, 

I “ length of the conductor, vn ccntvmctets, 

Ze 2f;i + Zsi, 

Zei = electrical impedance of the voice coil, m abohms, and 
Ze 2 = electrical impedance of the external load, in abohms 



Fic 91 EI«c«odyram\c gcnetaMng system In themtrhamcalcwcwt /m, thetxteinsl 
dnvmg force zv, the total mechanical rectilineal impedance of the mechanical portion 
of the vibrating system actuated by /v 2 the me^anical rectilineal impedance due 

to the dectncal circuit In the dectneal circuit e, the iniernaJ electromotive force 
generated m the voice coil zsi, the damped elecmcal impedance of the voice coil 
SEi rsi 4* Li and r£i, the damped inductance and electrical resistance of the 
voice coil zet, the dectncal impedance of the external load 


The velocity of the voice coil is 


+ ^UB 


93 


From equations 9.1 and 9 3 the gwierated electromotive force, in ab- 
VoItS, IS 

BlJiT 

+ ZjfB 


e s= S/x =» 


94 
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The generated electromotive force is effectively in series with the elec- 
trical impedance ze\ of the voice coil and the electrical impedance Ze 2 
of the external load, as depicted by the electrical circuit in Fig. 9.1. 

9.3. Electromagnetic Generating Systems 

A magnetic generating system is a generating system in which the 
electromotive force is developed by the charge in magnetic flux through 
a stationary coil. There are two general types of magnetic generating 
systems; namely, the reed armature type and the balanced armature type. 



ELECTRICAL _CIRCUIT 


Fig. 9.2. Reed armature electromagnetic generating system. In the mechanical circuits 
/m, the external driving force, zm, the total mechanical rectilineal impedance of the 
mechanical portion of the vibrating system actuated by /m. zme, the mechanical 
rectilineal impedance due to the electrical circuit: In the electrical circuit: f, the internal 
electromotive force generated in the coil. Zei, the damped electrical impedance of the 
coil, zjsi = rEi +jo)Li. Li and rsi, the damped inductance and electrical resistance 
of the coil. ZE2, the electrical impedance of the external load. 

A. Reed Armature Generating System . — ^The reed armature generating 
system, shown in Fig. 9.2, consists of a coil around a polarized magnetic 
field in which the reluctance is varied by an armature of steel. The 
variation of reluctance causes a corresponding change in magnetic flux 
through the coil and thereby leads to the induction of an electromotive 
force. 

^ The electromotive force, in abvolts, generated in the coil due to mo- 
tion of the armature from equation 8.32 of the chapter on Driving Sys- 
tems, is 

NMA . 

*> ^ 


e = 


9.5 
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where N = number of turns in the cml, 

M = magnetomotive force, in gilberts, due to the steady field, 
» area of the pole, in square centimeters, 
a = spacing between the armature and pole, in centimeters, and 
X = velocity of the armature, m centimeters per second 


The velocity of the armature is governed by the mechanical driving 
force, the mechanical rectilineal impedance of the mechanical system, 
and the mechanical rectilineal impedance due to the electrical system 
The vibrating system is shown in Fig 9 2 In the mechanical circuit 
ZM represents the mechanical rectilineal impedance of the mechanical 
portion of the vibrating system actuated by/w including the mechanical 
rectilineal impedance of the armature /n represents the mechanomo- 
tive force at the armature The mechanical rectilineal impedance due to 
the electrical system from equation 8 38 of the chapter on Driving Sys 
terns is 


Za/B 


a^ZB 


96 


where total fiux, in maxwells, through the armature, 

IV — number of turns on the coil, 

a « spacing between the armature and pole, in centimeters, and 


= *£1 + 2 £ 2 , 

ZEi = electrical impedance of the coil, m abohms, and 
ZE 2 = electrical impedance of the external load, in abohms 


The velocity of the armature, m centimeters per second, is 


Zv + ZWB 

From equations 9 5 and 9 7 


97 


tf*(2V + Zme) 


The generated electromotive force is effectively m senes with the elec- 
trical impedance zsi of the coil and the electrical impedance zez of the 
external load as depicted by the eicctncal circuit m Fig 9 2 
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B. Balanced Armature Generating System . — In the simple generating 
system of the preceding section both the steady magnetic flux and the 
change in flux, due to the deflection of the armature, flows through the 
armature. Consider a balanced armature type of generating system in 
which only the alternating flux flows longitudinally through the arma- 
ture as shown in Fig. 9.3. 



ELECTRICAL CIRCUIT 


Fig. 9.3. Balanced armature electromagnetic generating system. In the mechanical 
circuit; zm, the total mechanical rectilineal impedance of the mechanical portion of the 
vibrating system actuated by /m- sme, the mechanical rectilineal impedance due to the 
electrical circuit. In the electrical circuit; e, the internal electromotive force generated 
in the coil, zjsi, the damped electrical impedance of the coil. Z£i = rsi Z.i and 
rEi, the damped inductance and electrical resistance of the coil. Zszy the electrical 
impedance of the external load. 


The electromotive force, in abvolts, generated in the coil due to 
motion of the armature from equation 8.48 of the 
Systems is 


chapter on Driving 


NMA . 
e - „ ^ 


9.9 


where N = number of turns in the coil, 

M = magnetomotive force, in gilberts, of the steady field, 

A = area of a pole piece, in square centimeters, 
a = spacing between the armature and pole, in centimeters, and 
A = velocity of the armature, in centimeters per second. 

The velocity of the armature is governed by the mechanical driving 
force, the mechanical rectilineal impedance of the mechanical system, 
and the mechanical rectilineal impedance due to the electrical system. 
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The vibrating system is shown in Fig 93 In the mechanical circuit 
Zm represents the mechanical rectilineal impedance of the mechanical 
portion of the vibrating system including the mechanical rectilineal im- 
pedance of the armature /m represents the mechanomotive force on the 
armature The mechanical rectilineal impedance due to the electrical 
system from equation 8 52 of the chapter on Driving Systems is 


ZVB 


a^R-£iE 


910 


where N =* 

a =* 

ze = 

%E\ =• 
Z£2 “ 


number of turns m the coil, 

total flux in the air gap at one of the poles, m maxwells, 
magnetomotive force, m gilberts, of the magnet, 
spacing between armature and pole, in centimeters, 
reluctance, m oersteds, of the alternating magnetic circuit, 
Z£1 + ZB3y 

electrical impedance of the coil, in abohms, and 
electrical impedance of the external load, m abohms 


The velocity of the armature, m centimeters per second, is 


zjv + za/£ 

From equations 9 9 and 911 


911 


NMA ^ NMA/u 


912 


The generated electromotive force is effectively m series with the 
electrical impedance Ze\ of the coil and the electrical impedance Ze 2 of 
the external load, as depicted by the electrical circuit in Fig 9 3 


9 4 Electrostatic Generating System 
A condenser or electrostatic generating system is a generating system 
in which the electromotive force is developed by the relative motion 
between two differently electrostatically charged plates 
The current, in statamperes, gcnerat^ by the motion of the movable 
plate of the condenser from equation 8 67 of the chapter on Driving 
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where e = polarizing voltage, in statvolts, 

^ = area of the plate, in square centimeters, 
a = spacing between the plates, in centimeters, and 
* = velocity of the movable plate, in centimeters per second. 

The current, in statamperes, due to the electromotive force e across 
the electrical impedances zei and ze 2 of Fig. 9.4 is 


<2 = ~ 


e 

zg 


9.14 


where e = electromotive force, in statvolts, 

ZEIZE2 

ze = ; 

ze\ ~r ze2 

juCgi 

Cei = electrical capacitance of the condenser, in statfarads, and 
Ze 2 = electrical impedance of the external load, in statohms. 



ELECTRICAL NETWORK 


Fig. 9.4. Electrostatic generating system. In the mechanical circuit; zm, the total 
mechanical rectilineal impedance of the mechanical portion of the vibrating system 
actuated by/sr. zme, the mechanical rectilineal impedance due to the electrical circuit. 
In the electrical network: e, the electromotive force generated across the condenser. 
ZBi, the damped electrical impedance of the condenser, zei = l/ywC^i. Cei, damped 
electrical capacitance of the condenser, zei, the electrical impedance of the external 
load. 


Since there is no external current applied on the electrical side of the 
system the sum of the currents ii and 12 is zero. From equations 9.13 
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and 9 14 the generated electromotive force, e, in statvolts, across the 
electrical impedances zei and zgi is 


CtiAx 
" ^ 


915 


The velocity of the movable plate is governed by the mechanical 
driving force, the mechanical rectilineal impedance of the mechanical 
system and the mechanical rectilineal impedance due to the electrical 
system The vibrating system is shown in Fig 9 4 In the mechanical 
circuit Xm represents the mechanical rectilineal impedance of the mechan 
ical portion of the vibrating system actuated by including the 
mechanical impedance of the movable plate /m represents the mechano- 
motive force at the movable plate The mechanical rectilineal impe 
dance due to the electrical system from equation 8 71 of the chapter on 
Driving Systems is 


where “ polan 2 ing voltage, m statvolts, 

a •» spacing between plates, in centimeters, 

A * area of the plates, m square centimeters, 

2£i2£3 

a ; 

tEi T 

juCei 

Cei = capacity of the generator, m statfarads, 

2 E 2 ** electrical impedance of the external load, m statohms 

The velocity of the movable plate, in centimeters per second, is 


X *= 


Jm 

2lf 4- Xus 


917 


From equations 9 15 and 9 17 the dectromotive force e across zei and 
ZE 2 m parcel, depicted by the electrical network of Fig 9 4, is 


fAlEfu 

Axi^izu + xue) 


918 
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The electromotive force ei in series with zei and Ze 2 which will pro- 
duce the electromotive force e across ze 2 is of interest in the design of 
generating systems. 

Equation 9.15 may be written 

iTTir \Zei + Z£2/ 


The electrical capacitance of the condenser Cei from equation 8.62 
of the chapter on Driving Systems is 



' The electrical impedance zei is 


9.20 


1 

jaCEi 

Substituting equation 9.21 in 9.19, 

2E2 \ 

Zei + 2js2/ 


e^( 

ajw \ 


9.21 


9.22 


The amplitude in terms of the velocity is 


X 

jw 

Substituting equation 9.23 in 9.22, 

g _ £95 ( Zg2 

^ \ZJ51 + Ze2, 


9.23 


9.24 


The electromotive force e in terms of ei and the impedances zei and 
2^2 is 


eiZE2 

e = 

+ ZE2 

Comparing equations 9.24 and 9.25, 


9.25 


eox 
ei = — 
a 


9.26 
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The electrostatic generating system may be considered to consist of 
a generator having an internal or open circuit electromotive force ej as 
given by equation 9 26 and an internal impedance Z£i Equation 9 26 
shows that this electromotive force is independent of the frequency if 
the amplitude is independent of the frequency However, the voltage e 
across the load may vary with frequency depending upon the nature of 
load 2 e 2 

9 6 Magnetostnction Generating System 

A magnetostriction generating system is a generating system m which 
the electromotive force is developed m a stationary coil by a change in 



tttCTRiCAw emcuiT 


Fio 9 5 Magnetostneaon ggneraone system In the mechanical circuit lu, the total 
mechanical rectilineal impedance of the mechanical portion of the vibrating system 
actuated by /if xvE, the mechanical rectilineal impedance due to theelectncal circu t 
In the electrical circuit e, the internal electromotive force generated in the coil zsi, the 
damped clectncal impedance of the cod xei = fci + juLi L\ and rsi, the damped 
inductance and clectncal resistance of the cod sn, the clectncal impedance of the 
external load. 


magnetic flux due to the deformation of a ferromagnetic material having 
magnetostriction properties The magnetostriction generator, shown in 
Fig 9 S, consists of a coil surrounding a magnetic circuit which includes 
a ferroma^ieuc toajtiuial having wagaetostjcv'jtiaa Tbt volt- 

age, in abvolts, developed m the coil due to deformation of the rod, 
from equation 8 78 of the chapter on Driving Systems, is 


AtNK 

e = — X 


9 27 
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where N = number of turns in the coil, 

R = reluctance of the magnetic circuit, 

K = constant representing the dynamical Villari magnetostric- 
tion effect, and 

A = velocity at the point of application of the driving force to 
the rod, in centimeters per second. 


The velocity of the rod is governed by the mechanical driving force, 
the mechanical impedance of the mechanical system and the mechanical 
impedance due to the electrical system. The vibrating system is shown 
in Fig. 9.5. In the mechanical circuit Zm represents the mechanical 
rectilineal impedance of the mechanical portion of the vibrating system 
actuated hj Jm including the mechanical rectilineal impedance of the 
magnetostriction rod. represents the mechanomotive force on the 
rod. It is assumed that the force /m is the same at all points along the 
length of the rod and that the phase of the amplitude is constant along 
the rod. The mechanical rectilineal impedance due to the electrical sys- 
tem from equation 8.79 or 8.84 of the chapter on Driving Systems is 


Zme = 


zeR^ 


9.28 


where N = 
K = 
R = 

Ze = 

zei = 
ZE2 = 


number of turns in the coil, 
magnetostriction constant, 
reluctance of the magnetic circuit, and 
Zei + ze2, 

electrical impedance of the coil, in abohms, and 
electrical impedance of the external circuit, in abohms. 


The dimensions of the rod are assumed to be a small fraction of a 
wavelength. Under these conditions the rod is a compliance given by 


Cmi 


/ 

EJ 


9.29 


where J — cross-sectional area of the rod, in square centimeters, 
/ = length of the rod, in centimeters, and 
E = Young’s modulus. 
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The mechanical rectilineal impedance of the rod is 
jaCsti 


9 30 


For the conditions under consideration the mechanical rectilineal im 
pedance of the vibrating system is 


2u = zvri + 2 u2 9 31 

where zv = total mechanical rectilineal impedance, m mechanical ohms, 
2 ui = mechanical rectilineal impedance of the rod, m mechanical 
ohms, and 

ZM 2 ~ mechanical rectilineal impedance of the load, in mechanical 
ohms 


The velocity of the tod, in cenumetcTs per second, at the driving 
point IS 


ZV + ZUB 


9 32 


From equations 9 27 and 9 32 the generated electromotive force, in 
abvolts, IS 


4irNK/n 

(Z»( + ZilB)^ 


933 


The generated electromotive force is effectively in senes with the 
electrical impedance of the coil and the electrical impedance Z £2 of 
the external load as depicted by the electrical circuit in Fig 9 5 
In the above considerations the length of the rod is assumed to be a 
small fraction of the wavelength In general, magnetostriction genet 
ating systems are operated at resonance The two most common sys 
terns are as follows a rod fixed on one end and driven on the other and 
a rod free on one end and driven on the other The lumped constant 
representations of the two systems shown in Fig 9 6, arc valid near the 
resonant frequency of the tod The mass and compliance Cmi> m 
Fig 9 6, are given by equations 8 86 and 8 87 m the chapter on Driving 
Systems The load on the end of the rod is the mechanical rectilineal 
impedance Zva The mechanical rectilineal impedance z\ie due to the 
electrical circuit is given by equation 9 28 From the above constants 
and the driving force/ji{ the velocity in the mechanical circuit can be 
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determined. The open circuit electromotive force e of the electrical 
circuit of Fig. 9.6 can be obtained from equation 9.27 and the velocity. 



VIBRATING SYSTEMS MECHANICAL NETWORKS ELECTRICAL CIRCUITS 


Fig. 9.6. Magnetostriction generating systems. A. Rod fixed on one end and driven on 
the other. B. Rod free on one end and driven on the other. In the mechanical net- 
works: /m, the driving force. ZifE, the mechanical rectilineal impedance due to the 
electrical circuit. Zifi, the mechanical rectilineal impedance of the external mechanical 
load, zmu the mechanical rectilineal impedance of the rod. mi and Cjui, the effective 
mass and compliance of the rod. In the electrical circuits: e, the internal electromotive 
force generated in the coil, z^i, the damped electrical impedance of the coil, zei — 
fEi L\ and rEi, the damped inductance and electrical resistance of the coil, ze!, 

the electrical impedance of the external electrical load. 


9.6. Piezoelectric Generating System 

A piezoelectric generating system is a generating system in which the 
electromotive force is developed by the deformation of a crystal having 
converse piezoelectric properties. The crystal generating system, shown 
in Fig. 9.7, consists of a suitably ground crystal having converse piezo- 
electric properties fitted with appropriate electrodes. 

The current, in statamperes, generated by the motion of the crystal 
from equation 8.94 of the chapter on Driving Systems is 


KEA 
H = — r— 


where K = constant of the crystal, 6.4 X 10~® for quartz, 

E = Young’s modulus, 

Ic = length of the crystal, in centimeters, 

A = cross-sectional area of the crystal, in square centimeters, 
length of the crystal, in centimeters, and 
X = velocity of the crystal, in centimeters per second. 
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The current, m statamperes, due to the electromotive force e across 
the electrical impedances Ze\ and zez is 


ti 


Zb 


935 


where e — electromotive force, jn statrolts, 

_ 

S£l + 2£2 

1 

Z£l = — TT" 

Cei ~ electrical capacitance of the crystal in statfarads, and 
= electrical impedance of the external load, in statohms 



Clccirical network 


Fio 97 Pieioelectncgeneratingsyjtem Intheelectncalnrcuil ttr the total mech*n 
ical recCiI nesl impedance of the mechanical porbon of the vibrating system actuated by 
/ir ava the mechan cal recol neal impedance due W the electr cal network In the 
electrical circuit / the eleetromot ve force generated across the crystal X£ the 
damped electrical impedance of the crystal » VjuCbi Ce the damped elec 
tncai capacitance of the crystal Xei the electrical impedance of the external load 


Since there is no external current applied to the electrodes of the 
crystal the sum of the currents ti and *2 is zero From equations 934 
and 9 35 the generated electromotive force t, m statvolts, across the 
electrical impedance Ssj and Zez «s 

, _ 9J6 

The velocity at the end of the crystal is governed by the mechanical 
driving force, the mechanical rectilineal impedance of the mechanical 
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system and the mechanical rectilineal impedance due to the electrical 
system. The vibrating system is shown in Fig. 9.7. In the mechanical 
circuit zm represents the mechanical rectilineal impedance of the mechan- 
ical portion of the vibrating system actuated by /m including the 
mechanical rectilineal impedance of the crystal, /m represents the 
mechanomotive force at the end of the crystal. It is assumed that the 
force /m is the same at all points along the length of the crystal and that 
the phase of the amplitude is constant along the crystal. The mechani- 
cal impedance due to the electrical system from equation 8.97 or 8.102 
of the chapter on Driving Systems is 

zme = — j2 — Zb 9.37 


where K 
E 
h 
A 


Zb 

Z£1 

Cbi 

ZJS2 


constant of the crystal 6.4 X 10“® for quartz, 

Young’s modulus, 

length of the crystal, in centimeters, 

area of the electrode, in centimeters, length of the crystal, 
in centimeters, and 
ZbiZB2 


Z£1 + Zb2 


9.38 


1 

JuCei 


9.39 


capacitance of the generator, in statfarads, 
electrical impedance of the external load, in statohms. 


The dimensions of the crystal are assumed to be a small fraction of a 
wavelength. Under these conditions the crystal is a compliance given 
by 


Cmi = 


EA 


9.40 


where A = cross-sectional area of the crystal, in square centimeters, 
/« = length of the crystal, in centimeters, and 
E = Young’s modulus. 

The mechanical rectilineal impedance of the crystal is 

1 

zjiri = 777 - 9.‘ 

juLmi 
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For the conditions under consideration the mechanical rectilineal im 
pedancc of the vibrating system is 

zv *= 2ari + 2i/2 9 42 

where zi/ = total mechanical rectilineal impedance, in mechanical ohms, 
z\ti = mechanical rectilineal impedance of the crystal, in mechan 
ical ohms, and 

zu 2 = mechanical rectilineal impedance of the load, in mechanical 
ohms 


The velocity at the end of crystal, in centimeters per second, is 


At 

+ 2\tB 


9 43 


From ei^uations 9 36 and 943 the electromotive force across Zb\ and 
Z £2 m parallel) depicted by the clectncal network of Fig 9 7, is 


+ zvs) 


944 


The electromotive force Ct scries with zbx and zei which will pro- 
duce the electromotive force c across 2^2 is of interest m the design of 
generating systems 
Equation 9 36 may be written 


CEAX / 2£l2gg \ 
\2£1 + 2^2/ 


The electrical capacitance of the crystal is 

where D — dielectric constant of the crystal 
The electrical impedance r^j is 

1 4ir/. 


945 


946 
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Substituting 9.47 in 9.45, 

^KEx / ze2 \ 
juD \2£i + ZE2) 

The amplitude in terms of the velocity is 

X 

jca 


Substituting 9.49 in 9.48, 

AvKEx ( ze 2 
D \ZeI + Z£2 

The electromotive force e in terms of ei is 


g _ 

ZEI + ZE2 

Comparing equations 9.50 and 9.51, 

4irKEx 


9.48 


9.49 


9.50 


9.51 


9.52 


The piezoelectric generating system may be considered to consist of 
a generator having an internal or open circuit electromotive force ei as 
given by equation 9.52 and an internal impedance z^i. Equation 9.52 
shows that this electromotive force is independent of the frequency if 
the amplitude is independent of the frequency. However, the voltage 
e across the load may vary with frequency depending upon the nature 
of the load Ze 2 ' 

In the above considerations the length of the crystal is assumed to be 
a small fraction of the wavelength. In general piezoelectric generating 
systems are operated at resonance. The two most common systems are 
as follows: a crystal fixed on one end and driven on the other and a 
crystal free on one end and driven on the other. The lumped constant 
representations of the two systems shown in Fig. 9.8 are valid near the 
resonant frequency of the crystal. The mass and compliance Cjfi, 
in Fig. 9.8, are given by equations 8.104 and 8.105 in the chapter on 
Driving Systems. The load on the end of the crystal is the mechanical 
rectilineal impedance zm 2 - The mechanical rectilineal impedance zme 
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due to the electrical circuit is given by equation 9 37. From the above 
constants and the driving forced the velocity m the mechanical cir- 
cuit can be determined The electromotive e across the crystal of the 



VIBRAt'nC systems MECHANtCAt. MTWORAS ELECTRICAL NCTWCRKS 


Fio 9 8 Pmoelectne generaang systems A Crystal fixed on one end and driven on 
the other B Crystal free on one end and dnven on the other In the mechanical net 
works /af> the dnving force ZMt, the mechanical rectiljneal impedance due to the 
eleecncal areuit larii the mechanical rectilmeal impedance of the external mechanical 
load the mechanical rectilineal impedance of the crystal mi and Cu\, the 

effective mass and compfiance of the crystal In the electnea) circuits e> the electro- 
motive force generated across the crystal xbi, the damped electncai imp^aneeof the 
crystal zsi ~ 1/juCsi Cei, the damped electncsl capaatance of the crystal tgj, 
the electncai impedance of the external load 

electrical network of Fig 9 8 can be obtained from equation 9 45 and the 
velocity. 
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THEOREMS 


10.1. Introduction 

A number of dynamical laws common to electrical, mechanical recti- 
lineal, mechanical rotational and acoustical systems have been described 
in this book. There are other dynamical laws that are well known in 
electrical circuit theory which can be applied to mechanical and acousti- 
cal systems. It is the purpose of this chapter to illustrate the applica- 
tion of reciprocity, Thevenin’s and superposition theorems to electrical, 
mechanical rectilineal, mechanical rotational and acoustical systems. 

10.2. Reciprocity Theorems ^ 

A. Electrical Reciprocity Theorem. — In an electrical system composed 
of the electrical elements of inductance, electrical capacitance and elec- 
trical resistance, let a set of electromotiye forces ^i', . . . Cn all 

harmonic of the same frequency acting in n points in the invariable net- 
work, produce a current distribution ix, ?V, iz . . . in , and let a second 
set of electromotive forces ex' , e^' ■, ez" . . . Cn" of the same frequency as 
the first produce a second current distribution ix", iz'y h" . • ■ in"- Then 

-±eri,' I0.I 

y= 1 y= 1 

This theorem is valid provided the electrical system is invariable, 
contains no internal source of energy or unilateral device, linearity in 
the relations between electromotive forces and currents and complete 
reversibility in the elements, and provided the electromotive forces 
^ 2 > sz • • • Cn are all of the same frequency. 

' Ballentine, S., Proc. I.R.E., Vol. 17, No. 6, p. 929, 1929. "Reciprocity in 
hlectromagnetic and Other Systems.” . 
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In the simple case in which there are only two electromotive forces, 
as illustrated in the electrical system of Fig 10 1, equation 10 1 becomes 
= 102 


where e\ e" and i" are the electromotive forces and currents depicted 
in the electrical system of Fig 10 1 



pv P V 

^ «■ 

PlCI.0 

ACOUSTICAL 


P X* z*. 


ACOUSTICAL 



Fiq 101 Renprocitx 'ft deetncal, mechanical reed neal mechanical rotational and 
acoustical systems 


B Mechanical Rectilineal Reciprocity Theorem — In a mechanical 
rectilineal system composed of mechanical elements of mass, compliance 
and mechanical resistance, let a set of forces jMXiJm’ijMz jMn all 

harmonic of the same frequency acting in » points in the system produce 
a velocity distribution xiy x^y xz x^t and let a second set of forces 
fux' ijui' fhtn' of the same frequency as the first produce a 

second velocity distribution arg", x^' Xn' Then 

SaA/'-SaA/ 10 3 

3-1 3-1 

This theorem is valid provided the mechanical system is invariable, 
contains no internal source of energy or unilateral device, linearity m 
the relations between forces and vcloatics and complete reversibility in 
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the elements, and provided the applied forces /jwij/jir 2 j/jW 3 • • ‘Jmu are 
all of the same frequency. 

In the simple case in which there are only two forces, as illustrated in 
the mechanical rectilineal system of Fig. 10.1, equation 10.3 becomes 

/mV' =/m"a' 10.4 

where fu and k” are the forces and velocities depicted in the 
mechanical rectilineal system of Fig. 10.1. 

C. Mechanical Rotational Reciprocity Theorem. — In a mechanical rota- 

tional system composed of mechanical rotational elements of moment 
of inertia, rotational compliance and mechanical rotational resistance, 
let a set of torques fR\, ■> fm • • • fnn all harmonic of the same fre- 
quency acting in n points in the system, produce a rotational velocity 
distribution 0i', ^ 3 ' •• • Wy and let a second set of torques Jri”, 

fRi'yjRs" • • ‘/Rn" of the Same frequency as the first produce a second 
rotational velocity distribution ^ 1 ", 4>z" . . . 0n". Then 

- 2 a, 'T 10.5 

3=1 J =1 

This theorem is valid provided the mechanical rotational system is 
invariable, contains no internal source of energy or unilateral device, 
linearity in the relations between torques and rotational velocities, and 
provided the applied torques /iji,/fi 2 ,/ij 3 • • -/iJn are all of the same 
frequency. 

In the simple case in which there are only two torques, as illustrated 
in the mechanical rotational system of Fig. 10.1, equation 10.5 becomes 

=/fl'V 10.6 

where/ij',/ij" and 0 ', <t>" are the torques and angular velocities depicted 
in the mechanical rotational system of Fig. 10.1. 

D. Acoustical Reciprocity Theorem? — From equation ® 1.4 of “Acous- 
tical Engineering” 

do \ 

— + -gradpo = 0 10.7 

19 = Rayleigh, “Theory of Sound,” Vol. II, p. 145, MacMillan and Co., London, 

= Olson, “Acoustical Engineering,” D. Van Nostrand Co., Princeton, N. J., 
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Consider two independent sets of pressures p', p" and particle veloci 
ties v' and v" Multiply equation 10 4 by the p and v of the other set 

v" ~ ~ v' ^ + - 1 /' grad po —-v' grad pa" - 0 10 8 

at at p p 

If p and V vary as a harmonic of the time, equation 10 5 becomes 

a' grad po" — - t/ grad po'* = 0 10 9 

P 

There is the following relation 

V grad p » div op — p div o 10 10 


From equations I 9 and 1 10 of ‘ “Ilie Elements of Acoustical Engi 
neermg” 

1 

1011 


— ^ + div tJ = 0 
ypp dt 


From equations 10 8, 10 9 and 10 10 

div {t/'pQ — v'p^") * 0 10 12 

The relation of equation 10 12 is for a point Integration of equation 
10 12 over a region of space gives 

10 13 


JJ (”"po' - tfpo'yi ■ 


If, m an acoustical system comprising a medium of uniform density 
and propagating irrotational vibrations of small amplitude, a pressure 
p' produces a particle velocity v' and a pressure p'’ produces a particle 
velocity then 


If 


(tr"/ - oY')^ds ~ 0 


1014 


where the surface integral ts taken over the boundaries of the volume 
In the simple case m which there are only two pressures, as illustrated 
in the free field acoustical system of Fig 10 1, equation 10 14 becomes 

p'v” = p"o' 10 15 

where p\ p” and a', v” are the pressures and particle velocities depicted 
in the free field acoustical system of Fig 10 1 
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The above theorem is applicable to all acoustical problems. However, 
the above theorem can be restricted to lumped constants as follows: 
In an acoustical system composed of inertance, acoustical capacitance 
and acoustical resistance let a set of pressures p\ , pz ^ pz ■ • • Pn all har- 
monic of the same frequency acting in n points in the system, produce a 
volume current distribution Xx, X 2 , Jfs . • . and let a second set of 
pressures pi", ^ 3 " • • • Pn" of the same frequency as the first, produce 

a second volume current distribution ^ 2 " i Xz" . • . ^n' - Then 

Y^p/xr 10.16 

j=i 

This theorem is valid provided the acoustical system is invariable, 
contains no internal source of energy or unilateral device, linearity in 
the relations between pressures and volume currents and complete 
reversibility in the elements, and provided the applied pressures pi, pz, 
p 3 . . . p„ are all of the same frequency. 

In the simple case in which there are only two pressures, as illustrated 
in the acoustical system of lumped constants in Fig. 10.1, equation 10.16 
becomes 

p'X” = p"X' 10.17 

where p', p" and J?', J?" are the pressures and volume currents depicted 
in the acoustical system of lumped constants in Fig. 10.1. 

E. Mechanical-Acoustical Reciprocity Theorem . — In an interconnected 
mechanical-acoustical system let a set of forces /n/i' . . ./m/ act in the 
mechanical system, and a set of pressures pi' . . . pn act in the acousti- 
cal system with the resultant velocities ^i' . . . Xn in the mechanical 
system and with the resultant volume currents Xx . . . Xn in the 
acoustical system; let also,/", *", p" and X" represent a second set of 
such forces, velocities, pressures and volume currents. Then 

n n 

;=i 

In the simple case in which there is only one force in the mechanical 
system and one pressure in the acoustical system 

/m'x" = p"X' 


10.19 
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Equation 10 19 states that if a unit force fn ' m the mechanical system 
produces a certain volume current X ' m the acoustical system, then a 
unit pressure p ' acting jn the acoustical system will produce a velocity 
x" in the mechanical system which is numerically the same as the volume 
current previously produced m the acoustical system 
The mechanicil-acoustical reciprocity theorem is illustrated m Fig 
10 lA 



A B C 


{•us M . ox" ^ * ** 

iXK) dcg- » [:o5ji 

0 E 

Fio 10 2 R«eiprociey in the following sytiems d^pictsd above 
A Meehan cal acoustical 
B Electneal nvechanical 
C Electneal mechanical acoustical 
D Electrical meeban cal acoust cal mechanical electr cal 
E Acousneal mechanical electneal mechanical acousacal 

F Electrical Mechanical Reciprocity Theorem — In an interconnected 
electrical mechanical system let a set of electromotive forces ei e^ 
act m the electrical system, and a set of forces Jmx finn act in the 
mechanical system with the resultant currents »i' tn m the electneal 
system and with the resultant velocities xi Xn in the mechanical 
system, let also, e", I'^/a" and represent a second set of electro- 
motive forces, currents, forces and velocities Then 

52 /»/“/''' ■“ 22 

j“i a=» 

In the simple case m which there is only one electromotive force m the 
electrical system and one force in the mechanical system 
eV' =/irV 


p“x 


1021 
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Equation 10.21 states that if a unit electromotive force e' in the electri- 
cal system produces a certain velocity x' in the mechanical system, then 
a unit force ji,t' in the mechanical system will produce a current i" in 
the electrical system which is numerically the same as the velocity pre- 
viously produced in the mechanical system. 

The electrical-mechanical reciprocity theorem is illustrated in Fig. 
10.25. 

G. Electrical-Mechanical-Acoustical Reciprocity Theorem. — Since rec- 
iprocity relations hold in electrical-mechanical and mechanical-acoustical 
systems, they will also hold the three systems interconnected in the 
order electrical, mechanical, acoustical. This type of system embraces 


practically all electroacoustic transducers. 

For the simple case of a pressure p' in a sound field producing a cur- 
rent i' in the electrical system and a voltage e" in the electrical system 
producing a volume current Ik.” in the sound field the reciprocity rela- 


tion may be written 




’X”)ds = e”i' 


Equation 10.23 states that if, in the electrical system of a loud speaker, 
a generator of electromotive force e” produces, at a point in a sound field, 
a volume current k'\ than a numerically equal pressure in the sound 
field at that point will produce a current i' in the electrical system equal 
to the previously produced volume current X” in the sound field. 

The electrical-mechanical-acoustical reciprocity theorem is illustrated 
in Fig. 10.2C. 

H. Electrical-Mechanical- Acoustical-Mechanical-Electrical Reciprocity 
Theorem. — In most cases in the reproduction of sound the original sound 
is converted into electrical energy by a microphone which is usually an 
acoustical, mechanical, electrical transducer. Then it is converted back 
into acoustical energy by means of a loud speaker or an electrical, me- 
chanical, acoustical transducer. 

If both microphone and loud speaker are reversible and the air is the 
connecting medium, as shown in Fig. 10.2D, and if an electromotive force 
e' in the loud speaker will produce a current i' in the microphone, then 
an equal electromotive force e” in the microphone will produce the same 
current i” in the loud speaker. This may be expressed as 


10.23 
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I Acoustical Mechanical Electncal Mechrmcal Acoustical Reciprocity 
Theorem — If both microphone and loud speaker are reversible and the 
two connected electrically, as shown in Fig 10 2E, and if a pressure p' at 
a point m the vicinity of the microphone will produce a volume current 
X' at a point in the vicinity of the loud speaker, then an equal pressure 
p" at the same point m the vicinity of the loud speaker will produce the 
same volume current at the same point in the vicmitj of the micro- 
phone This may be expressed as 

p'1i'*=p'*X‘ 1024 


10 3 Thevemn’s Theorems 

A Theoenit^s Electrical Theorem — If an. electrical impedance Z£ be 
connected between any two points in an electrical circuit, the current t 
through this electrical impedance is the electromotive force t between 
the points prior to the connection divided by the sum of the electrical 
impedance ze and the electrical impedance s/, where ze is the electrical 
impedance of the circuit measured between the two points pnor to con 
necting ze 

B Tkevenin's Mechanical Rectilineal Theorem —If a mechanical recti 
lineal impedance z\t be connected at any point m a mechanical rectilm 
eal system, the resultant veloaty of this mechanical rectilineal imped 
ance is the product of the velocity and mechanical rectilineal impedance 
Z},i of the system both measured at the point prior to the connection 
divided by the sum of the mechanical rectilineal impedances 2v andzv^ 

C Thevemn’j Mechanical Rotational Theorem —If a mechanical rota 
tional impedance Zn be connected at any point in a mechanical rota 
tional system, the resultant angular velocity of this mechanical rotational 
impedance is the product of the angular velocity and mechanical rota 
tional impedance zr of the system both measured at the point prior to 
the connection divided by the sum of the mechanical rotational imped 
ances Zs and zr 

D Theventn's Acoustical Theorem — If an acoustical impedance za 
be connected at any point in an acoustical system, the volume current 
X. in this acoustical impedance is the pressure p at the point prior to the 
connection divided by the sum of the acoustical impedance za and the 
acoustical impedance where za is the acoustical impedance at the 
point prior to connecting Zx 
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10.4. Superposition Theorem 

Consider the simultaneous action of a number of electromotive forces, 
forces, torques or pressures distributed throughout an electrical, me- 
chanical rectilineal, mechanical rotational or acoustical system. The 
current, velocity, angular velocity or volume current at any point or the 
electromotive force, force, torque or pressure at a location is the sum of 
the currents, velocities, angular velocities or volume currents or electro- 
motive forces, forces, torques or pressures at these locations which would 
exist if each source were considered separately. Each source, save the 
one being considered, must be replaced by a unit of equivalent internal 
electrical, mechanical rectilineal, mechanical rotational or acoustical 
impedance. 

10.6. Similarity Theorem 

The similarity theorem states: For any given dynamical system con- 
sisting of connected particles and rigid bodies it is possible to construct 
another system exactly similar to it but on a different scale. If the 
masses and forces in the two systems bear certain ratios to each other, 
the performance of the two systems will be similar but with different 
velocities that bear a constant relationship to each other. 

Specifically, to determine the relation between the various ratios 
involved, let the linear dimensions of the systems 1 and 2 be in the ratio 
.v;l; let the masses of the corresponding particles be in the ratio y’A; 
let the rates of operation be in the ratio z: 1, so that time between cor- 
responding phases will be in the ratio 1 :z; and let the forces be in the 
ratio w’A, The equation of motion of a particle is given by 

/m = mx 10.25 

where /m = force, in dynes, 

m = mass, in grams, and 

ic = acceleration, in centimeters per second per second. 

Referring to equation 10.25 and employing the ratios specified above, 
it will be seen that if m is changed in the ratio yA, x will be changed 
in the ratio a;z^: 1, and/jy/ will be changed in the ratio w:l. Thus, it 
follows that the relation between the four numbers x, y, z and w as 
specified above is given by 


w = xy!? 


10.26 
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The principle of similarity* in acoustics states For any acoustical 
system involving diffraction phenomena it is possible to construct a new 
system on a different scale, which will exhibit similar performance, 
providing the wavelength of the sound is altered in the same ratio as the 
linear dimensions in the new system 

The principle of similarity is useful in predicting the performance of 
similar acoustical systems from a single model For example, a small 
model can be built and tested at very high frequencies to predict the 
performance of similar large systems at lower frequencies For example, 
in. the diffraction of sound by objects, if the ratio of the linear dimensions 
of the two objects is x 1, the corresponding frequency characteristics 
will be displaced I :r in frequency 

‘Olson, Acoustical Engineering, D Van Nostrand Co , Princeton, N J, 
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11.1. Introduction 

The fundamental principles relating to electrical, mechanical recti- 
lineal, mechanical rotational and acoustical analogies have been estab' 
lished in the preceding chapters. Employing these fundamental prin- 
ciples the vibrations produced in mechanical and acoustical systems due 
to impressed forces may be solved as follows: Draw the electrical net- 
work which is analogous to the problem to be solved. Solve the electri- 
cal network by conventional electrical circuit theory. Convert the 
electrical answer into the original system. In this procedure any prob- 
lem involving vibrating systems is reduced to the solution of an electri- 
cal network. A complete treatment of the examples of the use of 
analogies in the solution of problems in mechanical and acoustical sys- 
tems is beyond the scope of this book. However, a few typical examples 
described in this chapter will serve to illustrate the principles and 
method. 

11.2. Automobile Muffler 

The sound output from the exhaust of an automobile engine contains 
all audible frequencies in addition to frequencies below and above the 
audible range. The purpose of a muffler is to reduce the audible exhaust 
sound output. An ideal muffler should suppress all audible sound which 
issues from the exhaust without increasing the exhaust back pressure. 

The original mufflers consisted essentially of a series of chambers 
which increased progressively in volume. The idea was to allow the gases 
to expand and thereby reduce the noise. Actually it was a series of 
acoustical capacitances. This muffler is quite effective. However, by 
the application of acoustic principles an improved muffler has been 
developed in which the following advantages have been obtained: 
smaller size, higher attenuation in the audible frequency range and reduc- 
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tion of engine back pressure. A cross-sectional view of the improved 
muffler is shown in Fig. 11.1. The acoustical network ^ shows that the 
system is essentially a low pass filter. The main channel is of the same 
diameter as the exhaust pipe. Therefore, there is no increase in acousti- 
cal impedance to direct flow as compared to a plain pipe. In order not 
to impair the efficiency of the engine it is important that the muffier does 
not increase the acoustical impedance to subaudible frequencies. The 
system of Fig. 11.1 can be designed so that the subaudible frequencies 


W, -bt M, M4 
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Fia 111 Cross-sccuonal view and acoustical network of »n automobile muffler. 

are not attenuated and at the same time introduce high attenuation In 
the audible frequency range. 

The terminations at the two ends of the network are not ideal. There- 
fore it is necessary to use shunt arms tuned to different frequencies in 
the low portion of the audible range. Acoustic resistance is obtained 
by employing sUt type openings into the side chambers. 

In a development of this kind the nature of sound which issues from 
the exhaust is usually determined. From these data the amount of sup- 
pression required in each part of the audible spectrum may be ascer- 
tained. From these data and the terminating acoustical impedances the 

‘ In the illustrations in the preceding chapters the elements In the electrical 
network have been labeled re, L and Cj. However, m using analogies in actual 
practice the conventional procedure is to label the elements in the analogous 
electrical network with tm, m and Cm for the mechanical rectilineal system, with 
rjt, I and Cr for a mechanical rotational system with ra, Af and Ca for an acousti- 
cal system. This procedure will be followed m this chapter in labeling the ele- 
ments of the analogous electncaJ arcutt. It is customary to label this network 
with the caption “analogous electrical network of the mechanical system” (or 
of the rotational system or of the acoustical system) or with thecaption “mechan- 
ical network” (or rotational network or acoustical network). The latter con- 
vention will be used m this chapter. Wh«i Uiere is only one path, circuit will 
be used instead of network. 
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network can be developed. In general, changes are required to compen- 
sate for approximations. In this empirical work the acoustical network 
serves as a guide in directing the appropriate changes. 

11.3. Electric Clipper 

An electric clipper is shown schematically in Fig. 11.2. The driving 
system is the unpolarized type described in section 8.3. The actuating 
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Fig. 11.2. Schematic view, electrical circuit and mechanical network of an electric 
clipper. In the electrical circuit: e, the alternating current line voltage, tei and Li, the 
electrical resistance and inductance of the coil, zbm, the motional electrical impedance 
of the driving system. In the mechanical circuit: fm, the driving force, rjiri, m\ and 
Cm\, the mechanical rectilineal resistance, mass and compliance of the resonant cutter. 
mi, the mass of the frame, rui, ws and Cm, the mechanical rectilineal resistance, mass 
and compliance of the shunt resonant system. 

voltage is 110 volts 60 cycles. Therefore the frequency of the driving 
force is 120 cycles. This driving force acts on both the resonant clipper 
and the frame. The mechanical network shows that the amplitude of 
the frame will decrease as the mass of the frame is increased. How- 
ever, the mass mi cannot be increased without limit because the clipper 
must be light so that it can be easily handled. For a suitable weight 
from this standpoint the vibration is too great. This vibration can be 
reduced by the introduction of a shunt resonant mechanical system. 
The mechanical rectilineal impedance of a shunt resonant mechanical 
circuit is very large at the resonant frequency. If this shunt mechanical 
circuit is tuned to 120 cycles the frame of the clipper will remain prac- 
tically motionless. The mechanical network illustrates the action. 
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11 4 Direct Radiator Loud Speaker 

The direct radiator type loud speaker shown in Fig 11 3 is almost 
universally used for radio and phonograph reproduction The mechani- 
cal circuit of this loud speaker is also shown in Fig 1 1 3 The mechani- 
cal rectilineal impedance at the point can be determined from the 
mechanical circuit Then the motional electrical impedance can be de 
termined from equation 8 7 The current in the voice coil can be deter 
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Fio \\^ Cross-sscQonal view, electncal arcuit and mechuiical circuit of a direct 
radiator dynamic bud speaker In the electncal cirnuti e, the open circuit voltage of 
the generator or vacuum tube reo, the electncal res stance of the generator or vacuum 
tube r£i and Li, the electncal resistance and inductance of the voice coil XBAt> the 
motional electncal impedance of the dnving system In the mechanical circu t m 
die mass of the cone rjiri and Ci die mechan cal rect 1 neal resistance and compliance 
of the suspension ffij and raft, the mass and mechanical rectilineal resistance of the a r 
bad 


mined from the electrical circuit of Fig 11 3 The mechanical driving 
force can be determined from equation 8 1 The velocity can be deter- 
mined from the mechanical circuit of Fig 11.3 as follows 



ZjtfT 


11 1 


where zmt =* total mechanical impedance at the pomt/M> m mechanical 
ohms, and 

/m = dnving force, m dynes 
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The sound power output, in ergs, is given by 

P = 11-2 

where ru = mechanical radiation resistance, in mechanical ohms, 

X — velocity of the cone, in centimeters per second. 

The object ^ is to select the constants so that the power output as 
given by equation 11.2 is independent of the frequency over the desired 
frequency range. 

11.6. Rotational Vibration Damper 

In reciprocating engines and other rotating machinery rotational 
vibrations of large amplitude occur at certain speeds. These rotational 



Cr ^ 
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Fig. 11.4. Flywheel and vibration damper. In the mechanical network: I\, the moment 
of inertia of the flywheel. the moment inertia of the damper. Cr, the rotational 
compliance of the damper, rn, the mechanical rotational resistance between the damper 
and the shaft. 


vibrations are sometimes of such high amplitude that the shafts will fail 
after a few hours of operation. A number of rotational vibration damp- 
ers have been developed for reducing these rotational vibrations. It 
IS the purpose of this section to describe one of these systems for con- 
trolling the vibrations in a rotational system. The simple vibration 
damper, shown in Fig. 11.4, is used to control the vibrations of the fly- 

® For a specific description of and expressions for the elements of the mechani- 
cal system see H. F. Olson, “Acoustical Engineering,” D. Van Nostrand Co., 
Frmceton, N. J., 1957. In this book all types of acoustical vibrating systems are 
analyzed by the use of analogies. These systems include microphones, loud 
speakers, phonograph pickups, telephone receivers, measuring systems, etc. 
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vfheel The damper consists of a moment of inertia /a rotating on a 
shaft with a mechanical rotational resistance rs The moment of inertia 
IS coupled to the flywheel hy a spring of compliance C\f The rotational 
compliance is Cr = where a is the radius at the point of attach 

ment of the spring This system forms a shunt mechanical rotational 
system The shunt mechanical rotational circuit is tuned to the fre 
quency of the vibration Since the mechanical rotational impedance of 
a shunt resonant rotational circuit is very high at the resonant frequency 
the angular velocity of the vibration of the flywheel will be reduced A 
consideration of the mechanical rotational network illustrates the prin 
ciple of the device This is one example of the many types of vibration 
dampers for use in absorbing rotational vibrations The action of these 
systems may also be analyzed by the use of analogies 

11 6 Machme ^bration Isolator 

The vibration of a machme is transmitted from its supports to all 
parts of the surrounding building structure In many instances this 
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Fio 11 S Machine vibraton isolator A Machine rnounted d reedy upon thefioor 
In the mechanical rectilineal system and mechanical circuit m , the mass of the machme 
2MP, the mechamcal lecohneal impedance of ihc floor /y, ihevibranrgdriTing force 
developed by the machine B Machme mounted upon an isolating system In the 
mechanical recalioeal system and mecKamcal network wu the mass of die machine 
Cu!^ and 4rjf, the compliance and mechanical rectilineal resistance of the four damped 
spring mountings %iig, the mechanical rectilineal impedance of the floor Ju-, the vi 
bracing driving force developed by the machme 

toa’/ bA oa wAtwre. Vi vs vtfsJtiS'Miz IPm tVitao oorri-iViwa 
the machine may be isolated from the base or floor upon which it is 
placed by introducing a mechanical isolating network 
A machme mounted directly on the floor is shown m Fig 11 SA 
The mechanical rectilineal system and the mechanical network for verti 
cal vibrations is shown in Fig 115^ The driving force /ji/ is due to the 
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vibrations of the machine. The mechanical network shows that the 
only isolation in the system of Fig. W.SA is due to the mass of the 
machine. 

In the simple isolating system shown in Fig. 11,55 the machine is 
mounted on damped springs. The compliance and the mechanical recti- 
lineal resistance of the support is Cm and tm- Since there are four sup- 
ports, these values become Cjv//4 and ArM in the mechanical rectilineal 
system and mechanical network for vertical vibrations. The mechanical 
network depicts the action of the shunt circuit in reducing the force of 
the vibration transmitted to the floor zmf- 

11.7. Mechanical Refrigerator Vibration Isolator 

In the mechanical refrigerator a motor is used to drive a compressor. 
Since the refrigerator is a home appliance it is important that the vibra- 



CM2,rM2 rectilineal mechanical 

BACK VIEW SYSTEM NETWORK 

Fic. 11.6. Mech.Tnical refrigerator vibration isolator. In the mechanical rectilineal sys- 
tem and the mechanical network: zmf, the mechanical rectilineal impedance of the 
floor. Ci[n/4 and 4rM2, the compliance and mechanical rectilineal resistance of the four 
rubber feet, tn,, the mass of the case. Cj)n/4 and drii/z, the compliance and mechanical 
rectilineal resistance of the four damped springs, mi, the mass of the motor and com- 
pressor. /.V, the vibrating driving force developed by the machine. 

tion and noise produced by the motor and compressor be as low in ampli- 
tude as possible. These vibrations may be suppressed by the use of an 
isolating mechanical network. The mechanical system, shown in Fig. 
H.6, consists of the following elements: mi, the mass of the motor and 







194 


APPLICATIONS 


compressor Cvi andr^i/i, the compliance and the mechanical rectilineal 
resistance of the springs and damping material entwined in the springs 
m 2 , the mass of the case Cujandri/a, the compliance and the mechan 
ical rectilineal resistance of the rubber feet zwf , the mechanical rectilin 
eal resistance of the floor Since there are four isolating supports for the 
motor and compressor and four feet on the refrigerator, the elements m 
the shunt circuits become Cwi/4 and 4riin for the isolating supports and 
CV 2/4 and 4rj/2 for the rubber feet in the mechanical rectilineal system 
and the mechanical network The mechanical network illustrates how 
the shunt circuit elements C‘i/j/4, 4rui and 0/2/4, 4ru2 reduce the force 
delivered to the floor The shunt circuit elements 0/i/4 and 4rj/i also 
reduces the force delivered to the case of the refrigerator and thereby 
lessens the air borne noises 

11 8 Shockproof Instrument Mounting 
In order to obtain the maximum accuracy and reliability from gal 
vanometers and other similar instruments of high sensitivity it is neces- 
sary that the mounting for the instrument be free from vibrations 
Very often these instruments must be used in buildings in which the 
entire structure is vibrating Any instrument support directly con 
nected to the building will vibrate and will m turn transmit this vibra 
tion to the instrument Under these conditions the performance of the 
instrument will be erratic Tlie instrument may be isolated from the 
building vibrations by means of a mechanical network of the type shown 
m Fig 117 The instrument table legs are mounted on resiliant sup- 
ports which are both a compliance Cui and a resistance nn This sup- 
port reduces the vibration of the table mi The instrument is isolated 
further by the compliance Cm 2 and the mass m 2 A mechanical recti 
lineal resistance ru 2 the form of a dash pot is used to damp the vibra 
tions of the mass m 2 The driving force at each of the four legs is /w 
Since there are four legs and four isolating supports, the elements in this 
shunt circuit become Cvi/4 and 4ruj and the driving force becomes 4/^ 
m the mechanical rectilineal system and the mechanical network The 
mechanical network illustrates the action of the vibrating system The 
velocity of the mass m 2 is very small compared to the velocity of the 
floor due to the series mass elements and shunt compliance and mechani 
cal rectilineal resistance elements The mechanical network of Fig 11 7 
depicts the vertical modes of vibration Of course, the system in Fig 
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11.7 may vibrate in many other modes which may be solved by similar 
analysis butj in general, the vertical motion is the most violent and 
troublesome. 
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Fig. 11.7. Shockproof instrument mounting. In the mechanical rectilineal system and 
mechanical network; 4/ji/, the combined driving force at the four legs. C^n/4 and 4rjin, 
the compliance and mechanical rectilineal resistance of the four feet. Cmi, the com- 
pliance of the spring suspension. 0 / 2 , the mechanical rectilineal resistance of the dash 
pot. m 2 , the mass of the instrument and carriage. 


11.9. Automobile Suspension System 

The riding qualities of an automobile depend primarily upon the 
degree of isolation of the passenger from all types of vibration. One of 
the principal sources of vibration is due to the uneven contour of the 
road over which the automobile travels. The objective of automobile 
designers is to reduce the vibration of the passenger to a practical mini- 
mum. A schematic view of an automobile is shown in Fig. 11.8. This 
system has many degrees of freedom, both rectilineal and rotational. 
The system depicted in the mechanical rectilineal system and mechani- 
cal network of Fig. 11.8 assumes that the forces at each of the four wheels 
are equal in both amplitude and phase and that vibrations occur in a 
vertical line. The vibrating system consists of the following elements: 
/m, the driving force at each tire. Cmi and 7'mi, the compliance and me- 
chanical rectilineal resistance of the tires, mi, the mass of the tire, wheel 
and axle. Cm 2 } the compliance of the spring. rM 2 , the mechanical recti- 
lineal resistance of the shock absorber, m 2 , the mass of the frame, body, 
engine, etc. Cm^ and rji/s, the compliance and mechanical rectilineal re- 
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slstance of the cushion. W3, the mass of the passenger. Since there are 
four tires, wheels, springs and shock absorbers, the elements corresponding 
to these parts in the mechanical rectilineal system and mechanical net- 
work are as follows: 4/ji/, the driving force. Cwi/4 and 4rjri the com- 
pliance and mechanical rectilineal resistance of the tires. Cw2/4, the 
compliance of the springs. 4rir2, the mechanical rectilineal resistance of 
the shock absorbers. However, there is no change in the case of the 
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Fio. It 8. Automobile tuspension system In the mechanical rectilineal system and 
mechsmeal network- AJis, the combined dnving force at the four tires. Cmi/ 4 «id 
^fiiu the compliance and mechinical recelineal resistance of the four tires 4mi, the mass 
of the four tires Cjirs/4, the compliance of the four springs Arui, the mechanical rec- 
tiLneal resistance of the four shock absorbers m, the mass of the frame, body and 
engine. Cati and rui, the compliance and mechanical recQbneal resistance of the 
cushion, fflj, the mass of the passenger. 

Cm3j rif3 and ms because these are single units in the schematic 
view. The mechanical rectilineal resistance of the tires is quite small 
The mechanical rectilineal resistance of the springs :s exceedingly small. 
A low frequency oscillation with very little damping occurs due to the 
resonance of the mass otz of the body with the compliances Cmz and Cu\ 
of the spring and tires. This oscillation is excited by a wavy road bed 
and becomes very violent when the speed divided by the wavelength 
corresponds to the resonant frequency. A high frequency oscillation 
occurs due to the resonance of the mass m2 of the wheels and axles with 
the compliances Cmi and Cm% of the tires and springs. This oscillation 
is excited by sharp discontinuities such as cobblestones. This resonance 
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becomes so violent in the absence of damping that the wheels leave the 
road. These uncontrolled oscillations require the introduction of some 
form of damping for reducing the amplitude. A system has been de- 
veloped in the form of the hydraulic shock absorber, which controls the 
oscillations. It has been found that by the use of such damping means, 
the compliance of the springs could be increased by use of “softer” 
springs and the compliance of the tires increased by the use of balloon 
tires. Both of these expedients have improved the riding qualities as 
can be seen from a consideration of the mechanical network of Fig. 11.8. 
A further improvement in riding qualities has been obtained by the use 
of better designed cushions, that is, an appropriate ratio of compliance 
Cjif 3 to mechanical rectilineal resistance vmz - 

The above brief description illustrates how one of the vibration prob- 
lems in an automobile may be solved by the use of analogies. As already 
indicated, an automobile has several modes of vibration, both rectilineal 
and rotational. For example, each wheel may be excited separately 
which may introduce a rolling, pitching or swaying motion. All of these 
may be analyzed by the use of analogies. The individual effects may 
be superposed and the gross effect of all vibrations obtained. Most of 
the forces, developed at the tires, are of the impulsive and not the sinus- 
oidal type. In these cases the information on transients in electrical 
circuits may be applied to the mechanical system as outlined in 
Chapter VII. 

H.IO. Dynamic Microphone 

A cross-sectional view of a moving coil or dynamic microphone is 
shown in Fig. 11.9. The motion of the diaphragm is transferred to a 
coil located in a magnetic field. The mechanical circuit of the mechan- 
ical system consisting of the diaphragm coil and suspension system is 
shown in Fig. 11.9^. 

’Wente and Thuras, Jour. Acous. Soc. Amer., Vol. 3, No. 1, p. 44, 1931. 

‘ Wigginton, L. M., and Carroll, R. M., Jour. Audio. Eng. Soc.. Vol. 3, No. 2, 
p. 77, 1955.^ 

*^hon, "Acoustical Engineering,” D. Van Nostrand Co., Princeton, N. J., 
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Pio 119 A Cross sectional vi«« and mechanical circuit of a diaphragm, coil and SU 9 
pension In theelectncalcircuu rso, theelectncalnustanceofthtccul Ltheinduct 
ance of the coil zgi, the electrical impedance of the load eg, the open circut voltage 
developed by the coil In the mechanical circuit mj, rui and Cji^i, the mass, mechanical 
resistance and compliance of the vjbratHig syswm ju, the dnvmg force Ju “ 

A, the area of the diaphragm p, the sound pressure The velocity frequency charac 
tensQc for a unit force and a mechanical resistance of 1 mechanical ohm is indicated as 
curve 1 on the graph Curve 2 is the same for a mechanical resistance of 60 mechanical 
ohms B Cross sectional view and mechanical circuit of a dynamic microphone In the 
mechanical network mi, rm and Can. the mass, mechanical resistance and compbance 
of the diaphragm and suspension Cut, the compliance of the air chamber behind the 
diaphragm mj and fut, the mass and mechanic^ resistance of the silk cloth m 3 and 
rut, the mass and mechanical resistance of the air m the tube Cars, the compliance of 
the case volume /ui and /ui, the driving forces /in =* and/m = ptA A, the 
area of the diaphragm pi, the sound pressure at the diaphragm pt, the sound pres- 
sure at the tube Curve 3 on the lower graph w the same as curve 2 on the upper graph 
Curve 4 is the response with the tube wj, rut added Curve 5 is the response with the 
compliance Cm added 


The velocity x, in centimeters per second, of the voice coil is given by 
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where rjfi — mechanical resistance of the suspension system, in me- 
chanical ohms, 

mi = mass of the diaphragm and voice coil, in grams, 

Cjifi = compliance of the suspension system, in centimeters per 
dyne, and 

/if = driving force, in dynes. 

The generated internal voltage e<j, in abvolts, is 

eo = 11.4 

where B = flux density in the air gap, in gausses, 

/ = length of the voice coil conductor, in centimeters, and 
— velocity of the voice coil, in centimeters per second. 

Equation 11.4 shows that the microphone will be uniformly sensitive 
with respect to frequency if the velocity is independent of the frequency. 
The characteristics 1 and 2 in Fig. 11. 9y^ were computed by employing 
equation 11.3, and show that a dynamic microphone, uniformly sensitive 
with respect to frequency, must be essentially “resistance controlled.” 

The characteristic marked 2, Fig. 11.9/^, shows some falling off in 
velocity at the high and low frequencies. This can be corrected by the 
use of some additional elements (Fig. 11.95). The major portion of the 
mechanical resistance is the silk cloth a resistance due to the 

high viscosity introduced by the small holes. Slits have also been used 
for the resistance element. 

A sectional view, the mechanical network, the electrical circuit and 
the response frequency characteristic of a complete dynamic microphone 
are shown in Fig. 11.95. The mass mechanical reactance of the dia- 
phragm is reduced at the higher frequencies by the compliance Cjifa 
formed by the volume between the silk and the diaphragm. The addition 
of the mechanical elements Cm< 2 .i ^M 2 and m^, changes the characteristic 
at the high frequencies from that marked 3 to that marked 5. An 
increase in response over an octave is obtained by the addition of these 
elements. A corresponding increase in response can be obtained at the 
low frequencies by means of the case volume Cmz and the addition of 
a tube m^Viiz- The addition of these elements changes the character- 
istic at the low frequencies from that marked 3 to that marked 4, The 
mechanical network shows the action of the additional elements in 
changing the response from the characteristic 3 to the characteristic 
4-S. 
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11 11. Dynamic Phonograph Pickup 
A dynamic pickup is a phonograph pickup in which the output results 
from the motion of a conductor in a magnetic field A dynamic pickup 
employing a stylus arm attached to a coil located in a magnetic field 
for the reproduction of lateral phonograph records is shown m Fig 11.10 



peRS«>ecr(VE view 
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Fig 11 10 Perspective and bottom views, mechanical network and electrical areuit of a 
lateral dynamic pickup In the mechanical areuit zun the mechanical impedance of 
the record mi, the mass of the stylus and stylus holder r»i and Cs/ j, the mechanical 
res stance and compliance of the stylus arm mt, the mass of the coil run and Cjn> 
the mechanical resistance and compliance of the coil supports rjin and Cws, the 
mechanical resistance and comj^iance of the longitudinal coil support ms, the mass of 
the pickup and tone arm Ju, the force generated by veloaty generator In the elecir; 
cal circuit to, the open-urcui t voltage developed in the co 1 Lo and rso, the inductance 
and electrical resistance of the coil xzOy the dectneal impedance of the load 


The performance of the system may be obtained from the mechanical 
network of Fig 11 10 In the case of the driving force /m the record 
supplies a velocity which is independent of the mechanical system The 
velocity as a function of frequency of the record is the velocity frequency 
characteristic of the groove in the record The only limitation is the 
mechanical impedance of the record The open circuit voltage of 
the pickup IS proportional to the velocity of the coil (Equation 114) 

' Lmdenberg, T , £/fc/ro«w, Vol 18, No 6, p 108,1945 

’ Olson, “Acoustical Engineering,” D Van Nostrand Co , Princeton, N J , 

1957. 
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The electrical generator may be considered to be the open-circuit voltage 
in series with the electrical impedance of the coil. (Fig. 11.10.) The 
coil is practically a constant electrical resistance over the audio-frequency 
range. 

11.12. Hot-Air Heating System 

A hot-air heating system consists of a blower, heater and a pipe 
distribution system. A schematic view of a hot-air heating system is 
shown in Fig. 11.11. Since the velocity of the air in the pipes is of a 




ACOUSTICAL NETWORK 

Fig. 11.11. Schematic view and acoustical network of a hot air heating system. In the 
acoustical network; p, the pressure delivered by the fan. Xi, the volume current 
delivered by the fan. the acoustical resistance of the pipe between the fan and the 
heater, rji, the acoustical resistance of the heater. rAi, the acoustical resistance of the 
main feeder pipe between the heater and the outlets, the acoustical resistance of the 
subfeeder pipe. X^, the volume current in the subfeeder pipe. rAi, rAS, tat, txs and 
Tjs, the acoustical resistances in the outlet pipes. Xi, Xb, X 7 , Xb and Xi, the volume 
currents in the outlet pipes. 

direct current type, the only elements in the system which govern the 
flow of air are of the resistive type. Therefore, the elements are acous- 
tical resistances as shown in the acoustical circuit of Fig. 11.11. The 
flow of air or volume current in the various outlets can be determined 
from the acoustical resistances of the various elements and the pressure 
or volume current supplied by the blower. 
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121 Introductiott 

The two factors which affect the output or which limit and change 
the relationship between the input and output of a dynamical system 
are noise and distortion Noise is a disturbance m the output of a 
dynamical system which does not exist m the input, and it places a 
lower limit upon the amplitude range of the signal or transmitted quan 
tity Noise is also any undesired signal or quantity, and is generated 
in all manner of passive and active transducers Distortion m a dynam 
ical system is manifested as a change in the nature and form of the out 
put from that of the input or from that of the desired output In 
general, distortion increases with the load imposed upon a dynamical 
system and, therefore, places an upper limit upon the output Noise 
and distortion are factors of the greatest importance in communication 
systems, yet are also of concern m most dynamical systems It is the 
purpose of this chapter to consider noise and distortion m dynamical 
systems 

12 2 Noise and Distortion in Machines 

A dynamical system is a system involving the motion of bodies and 
the action of forces in producing or changing the motion of the bodies 
A machine is a dynamical system consisting of two or more resistant, 
relatively constrained parts, which may serve to transmit and modify 
force and motion so as to do some desired kind of %vork, or a complex 
combination of such parts Machines may be classified as passive and 
active types A passive machine is a machine m which all the power 
delivered to the load is obtained from the power accepted by the machine 
from the source An active machine is a machine m which the power 
delivered to the load is dependent upon sources of power apart from the 
power supplied by the outside source to the system, machine or trans 
ducer 
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A complete passive machine system is schematically depicted in 
Fig. 12.1. It consists of the following elements: the input source, the 



Fig. 12.1. A schematic diagram depicting the elements of a generalized passive machine 

system. 

passive machine, the distortion source, the noise source and the output 
load. The output from the passive machine deviates from the input by 
the noise and distortion produced in the passive machine. The distortion 
is any departure in the form or nature of the output as contrasted with the 
input. Noise may be generated by the passive machine and may be 
classed as any erratic disturbance in the output which is not related to 
the input. Examples of passive machines are levers, gear trains, dif- 
ferentials, transmissions, mufflers, transformers, filters, loudspeakers, 
microphones and so forth. 

A complete active machine system is schematically depicted in Fig. 
12.2. It consists of the following elements: the input source, the active 



system. 
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machine such as a generator, engine or motor, the power source, the dis- 
tortion source, the noise source and the output load In general, the 
input source controls and determines the performance of the machine and 
hence the output For the most part the power output of the active 
machine is derived from the power source, the output deviating from the 
input or the desired output by the noise and distortion produced by the 
active machine itself The distortion may be manifested as variation in 
motion with or without changes in load Noise may be manifested as an 
erratic, unrelated and unwanted disturbance in the output of the ma 
chine Examples of active machines are vacuum tubes, transistors, 
controlled motors and generators, power steering, power brakes and so 
forth 

12.3 Noise m. Dynamical Systems * 

Noise IS an erratic, intermittent or statistically random oscillation— 
any unwanted disturbance originating in a dynamical system Noise 
usually determines the lower limit of reproduction m a sound reproducing 
system Random noises originate m all acoustical, mechanical and 
electrical systems It is the purpose of this section to describe an 
acoustical noise due to the thermal agitation of the air molecules, a 
mechanical noise due to the thermal agitation of the atoms m a vibrating 
system and an electrical noise due to the thermal agitation of the elec- 
trons m the conductor 

A Noue Due to Thermal Agttatwn of the Air Molecules — Super- 
imposed on the average atmospheric pressure are fluctuations caused 
by the distribution of thermal velocities of air molecules The rras 
thermal sound pressure fy in dynes per square centimeter, m the fre 
quency interval between f\ and /s may be obtained from the equation 

where ~ square ol the thermal acoustic pressure m the interval 
dj = differential frequency interval, in cycles per second, 

Ta — acoustical radiation resistance, in acoustical ohms, 
h — Boltzmann’s constant, 1 37 X 10“^®, and 
T = absolute temperature, in degrees Kelvin 

‘ Olson, “Acoustical Engineering,'* D Van Nostrand Co , Princeton, N J , 
1957. 
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Equation 12.1 may be employed to calculate the noise generated in 
any acoustical resistance element in any acoustical system. 

R Noise Due to Thermal Agitation of the Atoms in the Vibrating 
System . — ^Noise is created in the acoustical resistances in a vibrating 
system. The effective sound pressure generated in the acoustical re- 
sistance element may be determined from equation 12.1 of the preceding 
section. Of course, this pressure is generated in the acoustical resistance 
and may be considered to be a generator in series with the acoustical 
resistance in the acoustical network. 

In some instances it is more convenient to employ a mechanical 
network. In this case the rms thermal mechanical force /jif, in dynes, 
in the frequency interval between /i and /2 may be obtained from the 
equation 

Im = = ^f^kTrudf 12.2 


where fisf^df = square of the thermal mechanical force in the interval df, 
df = differential frequency interval, in cycles per second, 
rjtf = mechanical resistance of the mechanical element con- 
taining a mechanical resistance, in mechanical ohms, 
k = Boltzmann’s constant, 1.37 X 10~^®, and 
T = absolute temperature, in degrees Kelvin. 

Equation 12.2 may be employed to calculate the noise element in the 
mechanical resistance element in any mechanical system. 

C. Noise Due to Thermal Agitation of the Electrons in a Conductor . — 
The thermal agitation of the electrons in the conductor of the elec- 
trical system of a microphone generates a fluctuating voltage.®-® The 
voltage e, in abvolts, due to the thermal agitation of the electrons in a 
conductor is given by 


f = V4^TC/2 -fDrs 


where k = Boltzmann’s constant, 1.37 X 10~^®, 

T = absolute temperature, in degrees Kelvin, 
h~ f\ — width of the frequency band, in cycles per second, and 
te = electrical resistance of the conductor, in abohms. 


“Johnson, J. B., Phys. Rev., Vol. 32, No. 1, p. 97, 1928. 
Nyquist, H., Phys. Rev., Vol. 32, No. 1, p. 110, 1928. 
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Equation 12 3 may be employed to calculate the noise generated m 
the electrical resistance in any electrical system 

12 4 Distortion m Dynamical Systems 

Distortion is a change in the output of a dynamical system from that 
of the desired output Noise and certain desired changes m the output 
are not classed as distortion Distortion occurs m all dynamical systems 
because of the nonlinear character of all types of machines and trans 
ducers, all elements being nonlinear to some extent In general, the 
operation of the system may be adjusted so that the nonlinear distortion 
will be tolerable or acceptable Distortion also occurs m dynamical 
systems because of the undesired response characteristic of the elements 
This may be manifested as variations in the amplitude, velocity or ac 
celeration of the output as a function of the frequency Then, too, 
distortion occurs m dynamical systems because of transient variations 
Transient distortion in a dynamical system relates to a sudden discrep- 
ancy in the output as contrasted to the input, or a reference of response 
or a desired response Transient distortion usually occurs during a 
period of change m the output of the machine Delay or phase dis 
tortion in a dynamical system relates to a discrepancy between the time 
of the response of the output as contrasted to the input, or a reference 
of response or a desired response 

12 6 I^oise and Distortion in Sound-Reproduemg Systems * 

A complete sound reproducing system may be represented as shown 
in Fig 12 3 The first element in the chain is the information source 
which produces the original sound that is sent to a recorder or a trans 
mitter The original sound contains the ambient noise which occurs 
in the local environment of the source of sound The original sound is 
recorded or transmitted by means of a recorder or a transmitter, which 
adds the inherent noise m these systems to the signal that is recorded 
or transmitted In the case of a recording system there will be a storage 
medium, and m the case of a transmitting system there will be a trans 
mission medium Both of these mediums add noise inherent m theif 
elements The signal is reproduced at the ultimate destination by a 
reproducer or a receiver, which also adds noise The final link in the 

* Olson, Acoustical Engineering D Van Nostrand Co , Princeton, N J , 
1957 
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chain is the information destination. In a sound-reproducing system 
the ultimate useful destination of all reproduced sound is the human ear. 



RECORDER — TRANSMITTER 



REPRODUCER — RECEIVER 


Fig. 12.3. A schematic diagram depicting the elements of a generalized communication 
system consisting of a transmitting or a recording section and a receiving or a reproducing 
section. 

Referring to the system of Fig. 12.3, it will be seen that there are two 
important parameters involved in the transmission, namely, signal and 
noise. The capacity ® C for the transmission of information of a sound- 
reproducing system is given by 

P + N 

C=W\og 12.4 

^ N 

where W = frequency bandwidth of the transmission system, in cycles 
per second, 

P = power of the signal, in watts, and 
N = power of the noise (white noise), in watts. 

.p, ®!)^inon and Weaver, “The Mathematical Theory of Communication,” 
e University of Illinois Press, Urbana, Illinois, 1949. 
















208 NOISE AND DISTORTION 

With proper precautions or modifications, equation 12 4 may be ap. 
plied to all systems for the reproduction of sound Equation 12.4 
outlines the fundamental philosophy relating to signal and noise in 
sound reproducing systems The capacity for the transmission of in 
formation is proportional to the frequency bandwidth and a logarithmic 
function of the signal and noise 

In the reproduction of sound, distortion is a term used to designate 
any departure in the form or nature of reproduced sound from that of 
the original sound Distortion is produced in some degree by all of the 
elements used in the reproduction of sound, as has just been seen in a 
generalized fashion m regard to Fig 12 3 The distortions in sound 
reproducing systems may range from imperceptible to perceptible, 
tolerable to objectionable Thus, it will be seen that although distor 
tions occur m all reproducing systems, the subjective aspects of the 
distortion determine the acceptability of the system from the stand 
point of distortion Since distortion is a fundamental characteristic of 
all sound reproducing systems, it seems appropriate to outline and 
describe these distortions m this generalized consideration of them 
The distortions which occur in a sound reproducing system are ampli 
tude, spacial, nonlinear, phase and transient These distortions are 
involved in the following corresponding characteristics, namely, re 
sponse frequency, directional, nonlinear, phase and transient 
The response frequency characteristic provides data on relationship 
between the output and input as a function of the frequency The de 
viation from a constant ratio of the output to input as a function of 
frequency is a measure of the amplitude distortion or frequency dis- 
crimination 

The directional characteristic provides data on the response of an 
acoustical transmitting or receiving system as a function of the angle 
with respect to some axis of the system The deviation from the de 
sired directivity pattern is a measure of the spacial distortion 
The nonlinear distortion characteristic provides data on the ratio of 
the output to the input as a function of the input The deviation from 
a constant relationship depicts the nonlinear distortion The nonlinear 
distortion, may also be described m terms of the generation of spurious 
components m the output which are not present in the input 
The phase frequency charactenstic provides data on the phase angle 
between the input and output as a function of the frequency The de 
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viation from a linear phase shift with frequency is a measure of the phase 
distortion. 

The transient response characteristic provides data on the response 
of a system to a sudden change in the input. The deviation in the en- 
velope of the wave output to the envelope of wave input is a measure 
of the transient distortion. The subject of transient response is treated 
in considerable detail in Chapter VII on Transients. 



CHAPTER XIII 

FEEDBACK 


13 1 Introduction 

The control of all manner of electrical, mechanical and acoustical 
dynamical systems plays an important function in the operation of these 
same systems The term Jeedback was introduced more than two decades 
ago to describe genencally various means for the control of dynamical 
systems Specifically, feedback is tised to designate a system m which 
a part of the output energy is referenced and fed back into the input 
and thereby provides a control upon the output There are three general 
fields of the application of feedback, namely, regulators, servos, and 
electrical and electronic systems alone and in combination with mechan 
ical systems Although feedback control systems have been used for 
many years, from the foregoing it may be concluded that the concept 
of feedback is becoming increasingly significant m all walks of life today 
It is the purpose of this chapter to describe some typical dynamical 
systems employing the application of feedback in various forms 

13 2 Feedback Control System ^ 

A feedback control system is a control system which tends to maintain 
a prescribed relationship of one system variable to another system var 
lable by comparing functions of these variables and using the difference 
as a means of control 

A stbitTrit'-ot -af %, 'gs.T.esi'nxtd yysi-err* i’. m \ 

The elements, functions and variables m this system will now be de 
scribed 

The command is the input which is established by some means 
external to and independent of the feedback control system 

‘£/rf Ens^o\ 70, No 10, p 905, 1951 
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The reference input system is a system which converts the command 
to the reference input. 

The reference input is a variable established as a standard of com- 
parison for a feedback control system by virtue of its relation to the 
command. 



Fiq. 13.1. A schematic diagram depicting the elements and functions of a feedback system. 


An adder is a system which adds and combines two inputs into a 
single output. 

The controlled variable is that quantity of the controlled system 
which is directly measured or controlled. 

The feedback variable is that quantity which is a function of the 
controlled variable and which is compared to the reference input to 
obtain the actuating variable. 

The sensor comprises the portion of the feedback control system which 
establishes the relationship between the feedback variable and the 
controlled variable. 

The actuating variable is the sum of the reference input and the feed- 
back variable. 

The controller comprises the portion of the feedback control system 
which is required to produce the manipulated variable from the actuating 
variable. 

The controlling system consists of the combination of the sensor and 
controller. 

The manipulated variable is that quantity or condition which the 
controller applies to the controlled system. 

The disturber is the system that produces the disturbed variable. 

The disturbed variable is that quantity which tends to affect the 
value of the controlled variable. 

The controlled system is the body, process or machine, a particular 
quantity or condition which is to be controlled. 
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The output system is the body, process or machine which determines 
the relationship between the indirectly controlled variable and the con 
trolled variable 

The indirectly controlled variable, or load, is that quantity or oandition 
which IS controlled by virtue of its relation to the controlled variable 
and which is not directly measured for control 
The system shown in Fig 13 I is a generalized system There are 
many variations of this system, these may be either simpler or more 
complex depending upon the application 

13 3 Action of a Feedback System * 

The term feedback system is used to designate an arrangement of 
elements of a dynamical system in which a part of the output energy 
is added to the input energy and fed back into the input, thereby pro- 
viding a control upon the output. The elements of a simple feedback 
system are shown m the schematic diagram of Fig 13 2 The system 



Fic 13 7 A schemaoc diagram of a feedback sTStem q the controlled output 9c the 
referenced input to the controlled system f* the reference input the noise or 
disturbance input 


IS arranged so that the energy input serves as the reference to the regu 
lated energy output The reference input is combined with the con 
trolled output of the controlled system, sent through the controller and 
then fed to the input of the controlled system In any feedback system 
there are variations in the relauanship hetween r.be referexice mpai and 
the regulated output There are vanations which are of a short duration 
as the system is adjusting itself to variations in the load or in the ref 
erence input, there are also variations due to noise originating m various 

‘ Trimmer, ‘ Response of Physical Systems,’ John Wiley and Sons, New York, 
NY, 1950 
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parts of the system. The disturbances can be represented as originating 
in the disturber shown in Fig. 13.2; the output of the disturber is fed 
to the controlled system. 

The performance of the controlled system, considered to be a first- 
order system, can be expressed by a first-order differential equation as 
follows: 

13.1 

where q = controlled output variable, which may represent amplitude, 
velocity, pressure, torque and so forth, 

T = time constant of the system. (The time constant is the time 
in seconds it takes for the variable output q to increase 
to a certain fraction of its ultimate value when an input 
is applied to the controlled system. See also “relaxation 
time” on page 16.) 

q = controlled output, differentiated with respect to time, 
qc = referenced input to the controlled system, and 
qn - noise or disturbance input to the controlled system. 

The solution of the differential equation 13.1 is given by 

9 = (?n + 9c) (1 ~ 13.2 

where t = time, in seconds. 

Equation 13.2 gives the response of the controlled system without 
feedback. The next consideration will show the effect of introducing 
feedback upon the response of the controlled system. 

The output of the controlling system, that is, the combination of the 
sensor and the input, is given by 

9c = K{qa - q) 13.3 

where qi = reference input, and 

K — positive constant of the controlling system. 

Combining equations 13.1 and 13.3, the result may be written 

rq + q = K{qd — q) + qn 13.4 

Equation 13.4 may be rearranged as follows: 


1 + K 


9 + 9 = 


K 

1 + K 


qd + 


9n 


1 -f- K 


13.5 
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The solution of the differential equation 13 5 is given by 

(l+K)t 
' ) 




Equation 13 6 gives the response of the controlled system with feed 
back The effect of feedback may be deduced from equation 13 6 as 
follows The time constant of the system is reduced, and the noise in 
the controlled output is reduced These two effects are desirable There 
is a slight change in the value of the reference input variable gd, which 
may be considered to be undesirable The latter undesirable character 
istic can be eliminated by arranging the output of the controlling system 
so that the operating conditions will satisfy the following equation 

137 

The equation for the system obtained by combining equations 13 1 and 
13 7 becomes 

“ K(g4 — ?) 4- ?ii + 9f» 13 8 

Equation 13 8 may be rearranged as follows 


l+K 


9 + ? 


+ 


gn 

l + AT 


The solution of the differential equation 13 9 is given by 
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/ a \ 

+ ' ) 1310 

Equation 13 10 gives the response of the controlled system with 
feedback 

By comparing equations 13 2 and 13 10 for the response with and 
without feedback, it wiU be seen that as the value of K is increased, 
the time constant of the system is reduced and the noise in the controlled 
output IS reduced. As a causeojicnne^ tbn. telaimo. between- tjhe input 
gd and the output g becomes closer as the value of K is increased 

13 4. Hydraulic Regulator 

One of the simplest and oldest regulating, or feedback, systems is 
the water tank level regulator shown in Fig 13 3 The incoming water 
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supply is controlled by a valve which in turn is actuated by the float. 
If the water level falls, the valve opens and the tank begins to fill. This 
process continues until a level of the water is attained so that the float 
and lever close the valve. In this process the level of the water in the 
tank is maintained within rather narrow limits and insures that the 
tank is always filled. 


The schematic diagram of Fig. 13.3, which is the acoustical network 



SECTIONAL VIEW 


Fig. 13.3. A sectional view and the schematic diagram of a hydraulic regulator, pi, the 
input pressure. r.ii, the acoustical resistance of the input system. Ca, the acoustical 
capacitance of the tank, po = 0, the desired water level, pz, the output pressure. 
r/ 2 , the acoustical resistance of the output system. 

of the hydraulic system, shows that the hydraulic regulator is a feedback 
system in which the float is the sensor which operates the valve. The 
valve and the sensor constitute the controlling system; the capacitance 
constitutes the controlled system. The reference po for desired water 
level leads to the the pressure p 2 in the output, which is proportional 
to the height of the liquid in the tank or the pressure in the acoustical 
capacitance Ca. 

13.6. Engine Governor 

An old example of a control, or feedback, system is Watt’s centrifugal, 
or flyball, governor operating upon an engine or turbine. A perspective 
view of a steam turbine equipped with a governor is shown in Fig. 13.4. 
A spring is arranged to pull the balls of the governor towards the shaft. 
The centrifugal force acts to pull the balls away from the shaft. Thus, 
It will be seen that for each speed there will be a certain deflection of 
the balls from the shaft — the higher the speed the greater the deflection. 
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13.6. Power Steering 

A recent and widespread application of a mechanical feedback system 
is the automobile power-steering system. A sectional view and sche- 
matic diagram of a power-steering system are shown in Fig. 13.5. The 

AG LINK PITMAN 



Flo. 13,5. A combination sectional and side view and schematic diagram of a power 
steenng mechanism. <l>i, the rotational position of the steering wheel. <^i, the rotational 
velocity of the steering wheel. Xi, the volume current flow of the oil from the pump. 
■^2 and As, the volume current flow to the transducer, cfe, the rotational position of the 
drag link, or load. the angular velocity of the drag link, or load. * 4 , the velocity 
imparted by the sensor to the valve, xs and xe, the velocities produced by the thrust of 
I the steering wheel shaft by the drag link, or load, and the steering wheel. 

; reference input derives from the rotational position or rotational veloc- 
, ity of the steering wheel. The controlling system consists of the sensor 
and valve. The controlled system consists of the pump, piston, rack 
; and pinion gear. The combination of the piston, rack and pinion gear 
IS termed the transducer, which converts the energy in the fluid flow 
rom the pump to mechanical rotational motion. 

• th ^ of the system may be described as follows: Suppose 

i e steering wheel is turned so that the steering wheel shaft is exerting 

I 
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an axial force on the piston to move the piston to the left Under this 
condition the axial reaction or thrust by the worm gear of the steering 
wheel shaft moves the shaft to the right The axial motion of the 
steering wheel shaft is transmitted to the sensor Under the action of 
the steering wheel shaft thrust, the sensor will move the valve to the 
left and thereby admit fluid under high pressure output from the pump 
to cylinder at the same time admitting fluid from cylinder B to the 
low pressure input to the pump Under these conditions, because of 
a difference m pressure on the two sides of the piston, the piston will 
move to the left until there is no longer any thrust on the sensor, m 
which case the valves are closed to both cylinders It will be seen that 
the force required at the steering wheel to operate the mechanism is 
only that required to deflect the springs of the sensor and to overcome 
friction in the steering wheel shaft The schematic diagram shows that 
the power-steering system is a feedback system The rotational position 
or the rotational velocity <fi of the steering wheel is the reference 
input The sensor and the valve constitute the controlling system 
The controlled system consists of the transducer, which converts the 
fluid flow 1C\ from the pump to the rotational position ^2 or the rota- 
tional velocity ^2 of the drag link, or the load 

13.7. Blectromc Feedback Amplifier* 

A Action of the Electronic Feedback Amplifier — ^The electronic feed 
back amplifier consists of an electronic amplifier and a feedback loop 



Fio 13 6 AscheRiabcdiaKrimofancIectTOiucfeedkaclcamplifier ri', the input voltage 
fi, the input voltage to the amphUer eo the output voltage from the amplifier fin 
the input feedback voltage S£, the electncal impedance of the load 

arranged so that a voltage derived from the output is fed m opposition 
to the applied signal input to the amplifier A schematic diagram of a 
feedback amplifier is shown m Fig 13 6 


’ Bode, ‘ Network Analysis and Feedback Amplifier Design, ’ D Van Nostrand 
Co , Princeton, N J , 1945 
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The voltage amplification of the amplifier is given by 

<?o 

^ - 13.11 

ei 

where A = voltage amplification of the amplifier, 
eo = output voltage of the amplifier, and 
ei = input voltage to the amplifier. 

The input voltage to the feedback system is 

ei — ei — jSfo 13.12 

where Ci = input voltage to the feedback system, and 
jS = gain constant of the sensor. 

The voltage amplification of the feedback system is given by 

Jf=— 13.13 

ei' 

where Ap = voltage amplification with feedback. 

Combining equations 13.11, 13.12 and 13.13, 


Ap = 


gp 

ex — peo 


f£ 

gi 


1 

ei 


A 

1 - pA 


13.14 


The quantity PA is termed the feedback factor or feedback loop ampli- 
fication. Equation 13.14 may be written 


Ap = — 



13.15 


Equation 13.15 shows that for large values of Ap the amplification 
becomes the reciprocal of the fraction of the output that is superimposed 
upon the amplifier input and is practically independent of the character- 
istics of the amplifier. This is characteristic of a typical feedback system, 
ee Sect. 13.3. If the sensor or feedback loop introduces no phase shift. 
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the amplification will be independent of the frequency and dependent 
upon the magnitude of pA 

B Nonlinear Distortion Reduttion *» ike Electronic Feedback Amplifier 
— The feedback amplifier reduces the nonlinear distortion which orig 
mates in the amplifier The ratio of the nonlinear distortion with feed 
back to that without feedback is given by 


Dp 1 
\- A& 


13 16 


where Dp ~ nonlinear distortion with feedback, 

D ** nonlinear distortion without feedback, 

A = amplifier gam without feedback, and 
0 «= gam constant of the sensor 

Referring to equation 13 16, it will be seen that if A^ is made large, 
which means a large amount of feedback, there will be a great reduction 
in nonlinear distortion 

C Noise Reduction in the Electronte Feedback Amplifier — It was 
shown in Sect 13 3 that a feedback system will reduce disturbances, or 
noise The ratio of the noise to signal with feedback to that without 
feedback is given by 


Sp _ Apti 

~S " Affix - A&] 


1317 


where Sp = noise to signal ratio with feedback, 

S = noise to signal ratio without feedback, 

Apti = amplification between the point 0 m the amplifier in which 
the noise is introduced and the output with feedback, 
Aq ~ amplification between the point 0 in the amplifier m which 
noise IS introduced and the output without feedback, and 
= gam constant of the sensor 

In the use of equation 13 17, it is assumed that the output voltages are 
the same with and without feedback and that the introduced noise is 
the same with or without feedback Referring to equation 13 17, it 
will be seen that the use of feedback will effect a considerable reduction 


m noise 
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D. Stability of the Electronic Feedback Am f lifter . — There is another 
factor in feedback systems, namely, stability. Equation 13.14 gives 
the amplification of a feedback amplifier as follows; 


Ap 


A 

1 -^A 


13.18 


is termed the loop amplification. If the real part of ^A is negative, 
there will be negative feedback with decrease in amplification. If the 
real part of ^A is positive and less than 1, there will be positive feedback 
with an increase in amplification. If ^A ^ 1, the amplification is 
infinite and the system is unstable. 

In general, ^A is real and negative for the midfrequency range of a 
feedback amplifier. However, /3 and A are vector quantities and have 



Fig. 13.7. Locus of the vectors for a two stage resistance capacitance coupled amplifier. 

The polar graph is termed the Nyquist diagram. 

different magnitudes and phase angles at the low and high frequencies 
than in the midfrequency range. 

The conditions for stability have been outlined by Nyquist and may 
be described by means of the Nyquist diagram. Fig. 13.7. 

I^y^uist, H., Bell System Tech. Jour., Vol. 11, No. 1, p. 128, 1932. 
lilack, H. S., Bell System Tech. Jour., Vol. 13, No. 1, p. 1, 1934. 
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To find the magnitude and phase of |S/f at any frequency, draw a 
circle of radius A^fA with the center at K and a second circle of radius 
\QA\ with the center at 0 The line from 0 to the point of intersection 
of the two circles is the complex number ^A. The distance from any 
point K IS equal to (1 — where is negative for negative feedback. 
The locus of QA is plotted from low to high frequencies which results 
in a polar diagram 4> is the angle between the vector 0A and the 
absicissa It will be seen that fiA has considerable magnitude for 4> 
greater than 90® but is aero for 4> ~ 180“ pA is negative, real and of 
the maximum value, for ^ 0 For an amplifier to be stable, the 

locus of 0A must not include the point K (1,0). 


13 8. Microphone Calibrating System 
In carrying out research and development work on microphones, a 
loudspeaker which delivers constant sound pressure over the range from 
20 to 20,000 cycles per second is an indispensable part of the test equip- 
ment Although relatively uniform response can be obtained from 
loudspeakers, the variations are still too large for use in obtaining ac- 
curate response frequency characteristics of microphones For this 
application, feedback can be used to reduce the variations m the output 



Fic 13 8 A schematic diagram ofamlcR^onecaljbrahng system employing 8 feedback 
conUol system for teduang live vanaUons in the sound pressure output of the loud 
speaker A The charactenstics of the coated system B Sound pressure output 
without control C Sound pressoie outpat with control 
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of the loudspeaker as shown in Fig. 13.8. A sensing microphone with 
a uniform response frequency characteristic is placed in front of the 
loudspeaker. The output of the microphone is amplified, rectified and 
fed to the control grids of a variable control amplifier. The signal 
output of the oscillator is fed to the input of the control amplifier. The 
amplification characteristic of the control amplifier as a function of the 
sound pressure at the sensing microphone is shown in Fig. 13. 8A. It 
will be seen that amplification of the control amplifier is an inverse 
function of the sound pressure of the sensing microphone. Under these 
conditions the combination of the sensing microphone and control am- 
plifier operates to maintain constant sound pressure at the sensing 
microphone within the limitations of the feedback system. The sound 
pressure output of the loudspeaker without and with the feedback 
system is given by curves B and C of the graph of Fig. 13.8. It will 
be seen that variations in response are reduced by the use of the feedback 
system. 

13.9. Constant Speed S 3 rstem ® 

For certain applications, as for example, recording and reproducing 
television signals by means of magnetic tape, constant speed of the tape 
IS required. A system for obtaining constant rotational speed is shown 
in Fig. 13.9. The capstan and tape system is driven by an induction 
motor. The alternator and brake are connected to the same shaft. The 
phase of the output signal of the alternator is compared with the phase 
of a constant frequency signal from an electronic generator. The 
difference in the two signals is rectified, amplified and fed to the brake. 
The frequency of the oscillator is selected so that with the feedback 
system operating, the motor speed is reduced about 3 per cent. When 
the phase angle between the alternator and the oscillator is large, the 
brake current is small, which circumstance increases the speed of ro- 
tation and thereby serves to decrease the phase between alternator and 
the oscillator. Fig. 13.9.^. When the phase angle between the alter- 
nator and oscillator is small, the brake current is large, which circum- 
stance decreases the speed of rotation and thereby serves to increase 
t e phase between the alternator and the oscillator. Fig. 13. 9.S. Thus, 
>t will be seen that the phase difference between the output alternator 
and oscillator will be maintained at practically constant value, a fact 


‘Morgan and Artzt, RCA Review, Vol. 17, No. 3, p. 350, 1956. 
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which means that the instantaneous rotational speed of the shaft will 
be maintained at a practically constant value The average rotational 
velocity will be maintained as absolutely constant as the reference 



SCHEMATIC DiAOnAM 
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characteristics 

Fio 13 9 A penpectivc view of a constant speed system employing an alternator, oscilla 
tor, comparator and brake The wave characteristics depict the osallator, alternator 
and comparator outputs, and the input to the brake 

frequency The average operating point for a certain set of conditions 
IS depicted m Fig 13 9C 


13 10. Feedback Cutter 

During the past decade, feedback has been used on a large scale to 
control all manner of vibrating systems employed m sound reproduction 
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An example is the feedback cutter employed in cutting the original 
lacquer master in disk phonograph recording. 

A sectional view, the mechanical circuit and the electrical system of 
a feedback lateral-type phonograph cutter^'® is shown in Fig. 13.10. 



Fig. 13.10. Sectional view, mechanical circuit, electrical system and velocity response 
frequency characteristic of a feedback lateral-type phonograph cutter. In the mechanical 
circuif./jf, the mechanical driving force, m, rj,i and Cm> the mass, mechanical resistance 
and compliance of the vibrating system. In the graph: /f, the velocity frequency 
response characteristic without feedback. B, the velocity response frequency charac- 
teristic with feedback. 


The vibrating system is of the dynamic type with two voice coils. The 
vibrating system is designed so that there is a single degree of freedom 
over the operating frequency range. The velocity response frequency 
characteristic of the vibrating system shows that it is a system of one 
degree of freedom from 30 cycles to 16,000 cycles with the fundamental 
resonant frequency at 700 cycles. The output of the sensing coil is fed 
to the input of the amplifier, the output of the amplifier to a driving 
coil in an out-of-phase relationship. The signal is fed to the input of 
the amplifier. With the feedback in operation the velocity of the vi- 
brating system is practically independent of the frequency over the 
frequency range from 30 to 16,000 cycles. The input to the amplifier 
can be compensated to provide the desired recording characteristic. 


Audio Eng. Soc., Vol. 2, No. 4, p. 228, 1954. 
Morgan, A. R., Unpublished Report. 
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13 11 Feedback Pickup * 

Feedback may be used m electncal and electromechanical systems to 
change such factors as the transmission and distortion characteristics, 
the terminal impedances and the noise levels of the systems Feedback 
has been applied to cutters, calibrators and other electroacoustic devices 
However, the application of feedback to phonograph pickups is a recent 
development The problem in the phonograph pickup is to reduce the 
mechanical impedance at the stylus of the pickup so that the load pre 
sented by the stylus to the record will be reduced The feedback phono- 
graph pickup shown in Fig 13 1 1 employs two electromechanical trans- 
ducers in the feedback loop The system for driving the stylus is an 
electromagnetic transducer m which the stylus is attached to the ar 
mature The sensing and reporductng system is a ceramic transducer 
consisting of two barium titanate strips attached to the two sides of 
the steel armature The electrical diagram of the feedback phonograph 
pickup IS shown in Fig 13 11, the performance of the system may be 
deduced from the mechanical network of Fig 13 II In the ceramic 
transducer the open circuit voltage e, m volts, is given by 

1319 

where x = amplitude of the vibration of the transducer, and 

Kb “ constant of the system involving the material and construe 
non of the transducer 

In the electromagnetic transducer the force in dynes, produced by 
a current t, in abamperes, in the coil is given by 

/jtf2 = Kit 13 20 

where Kj = constant involving the parameters of the electromagnetic 
transducer 

The problem is to adjust the amplitude and phase of the system so that 
a maximum displacement will be produced m for a minimum force 
Jmi at the stylus The performance of the system with and without 
feedback is shown in Fig 13 11 It will be seen that a tremendous 
reduction m the stylus force is obtained with feedback This m 


* Halter, J B , Unpublished Report 
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turn means that there will be a corresponding reduction in the force 
required to drive the stylus. 
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Fig, 13,11. Perspecrive and bottom views, mechanical network, electrical diagram and 
mechanical impedance frequency characteristics of a feedback pickup. In the mechanical 
network: zjfK, the mechanical impedance of the record. m\, the mass of the stylus and 
stylus holder. Cmi, the compliance of the stylus arm. mj, the mass of the front portion 
of the armature and ceramic transducer, mz and the mechanical resistance and 
compliance of the damping block under the stylus arm. rji/s and Cmz, the mechanical 
resistance and compliance of the damping blocks on the ceramic transducer and mag- 
netic armature, mz, the mass of the rear portion of the ceramic transducer and magnetic 
armature. Cm, the compliance of the ceramic transducer and magnetic armature. 

the mass of the pickup and tone arm. rji/s and Cmu the mechanical resistance and 
compliance of the support for the ceramic transducer and armature, /jin and fui, the 
forces generated by the velocity generator and the magnetic driving system. In the 
paph: A, mechanical impedance characteristic without feedback. B, mechanical 
impedance characteristic with feedback. 


13.12. Free-Field Zone-Type Sound Reducer 

Existing conventional systems for the control and absorption of sound 
2re of the passive type. Recently, active systems, in the form of elec- 
tronic elements, have been developed for the control of sound and 

"Olson and May, Jour. Acous. Soc. Amer., Vol. 25, No. 6, p. 1130, 1953. 
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noise It IS the purpose of this section to describe one example of ati 
electronic system for the reduction of sound and noise 
The free field, zone-type sound reducer consists of a microphone, 
amplifier and loudspeaker connected in inverse fashion so as to reduce 
the sound pressure of any incident sound wave in the vicinity of the 
microphone loudspeaker combination A sectional view, electrical block 
diagram and acoustical arcuit of an electronic sound reducer are shown 
m Fig 13 12 The system is connected and equalized for response and 
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Fio 13 12 SscQonal view, schematic electneal diagram and acousueal network of an 
electronic sound absorber pi the sound pressure in free space Mi, the inercance of 
the aiT load tax, the acoustical resistance of the air load Mj, the ineitance of the tone 
and voice col of the loudspeaker Cau the acoustical capacitance of the suspension 
system of the cone r^j, the acoustical resistance of the cloth over the apertures in the 
backplate Cm the acousacalcapaotance of the cabinet r^s, the acoustical resiscsnee 
of the sound absorbing material in the cabinet pz, the driving sound pressure in the 
loudspeaker ps» dm sound pressure at the microphone 


phase with respect to frequency so that the sound pressure is reduced 
at the microphone The driving pressure pz, m dynes per square 
centimeter, of Fig 13 12, is given by 
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where B = flux density in the air gap of the loudspeaker, in gausses, 
/ = length of the conductor of the voice coil, m centimeters, 
i s= current m the coil, m abamperes, and 
S = area of the cone, in square centimeters 

The amplitude and phase relations of the sound pressures pi and pz, 
m dynes per square centimeter and depicted in Fig 13 12, are selected so 
as to make the sound pressure />3, jn dynes per square centimeter and 
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depicted in Fig. 13.12, as small as possible. Under these conditions the 
operation of the system is a sound pressure reducer. The amount of 
sound pressure reduction is a function of the distance between the mi- 
crophone and loudspeaker, the wavelength of the sound wave, the phase 
relation in the electronic system and the distance from the microphone- 
loudspeaker combination. Typical experimental sound reduction fre- 
quency characteristics for various distances from the reducer are shown 
in Fig. 13.13. These characteristics show that the electronic sound re- 
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Fio. 13.13. Schematic view of an electronic sound reducer and sound pressure reduction 
frequency characteristics for distances of 4, 10 and 24 inches from the microphone- 
loudspeaker combination. 


ducer may be used to reduce undesired sounds over a zone of operation. 

One application for the electronic noise reducer is in the form of a 
noise reducer in airplanes and automobiles where the noise level is 
relatively high in the low-frequency range. With the practical use of 
conventional sound-absorbing materials in automobiles and airplanes 
the reduction in noise level in this frequency region is relatively small, 
or these applications the noise reducer may be installed on the back 
0 the seat. There are also many other applications for the zone-type 
noise reducer, which include the reduction in noise from machines. 


head 


ng apparatus, cooling and ventilating ducts and so forth. 
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13 13 Electronic Vibration Reducer “ 

Reduction in the transmission of sound through structures of solid 
materials is usually accomplished by the addition of mass or by a com 
pliant isolating system The latter means is usually preferred because 
the addition of mass is costly and, for most applications, impractical 
The fundamental idea is to insert an element which has a low mechanical 



Fio 13 14 A A schemaoc diagram of a vibrabon reducer B and C Meehamcal net 
works of a vibration reducer In the mechanical network of B mj, the mass of the 
machine mi the mass of the npper part of the driver mj, the mass of the lower part 
of the dnver and sensor the mass of the floor Cu the compliance of the driver 
and sensor /s/i the force developed by the machine /a/j the force developed by the 
dnver /i/j, the force developed at the floor iri the veloaty of the machine *j the 
velocity developed by the dnver the velocity developed in the floor Inihemechan 
ical network of C The mechin cal impedance, tin, replaces the masses mi and r»t The 
mechanieal impedance, zan replaces the compliance Cjr The mechanical impedance 
tin replaces the masses mj and mt 

impedance and thereby provide a shunt for the vibrations An elec 
tronic system may be used to provide the low mechanical impedance 
and thereby control and isolate the vibrations In most problems m 
volving the control of vibrations the amplitudes are relatively small 
and the mechanical impedance relatively large Under these conditions 
piezoelectric transducers may be used For example, an electronic 
vibration reducer may consist of a pieroelectric driver and sensor with 
a suitable amplifier A system consisting of a piezoelectric driving sys- 
tem and piezoelectric sensor is shown m Fig 13 14// The mechanical 
network of the vibrating system is also shown in Fig 13 14S The 
mechanical network of Fig 13 14B can be reduced to the mechanical 


Olson, H F, Jour Acous Soc Arntr, Vol 25, No 6, p 1130, 1953 
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network of Fig. 13.14C. The velocity ^3 in the support may be ex- 
pressed as follows: 

«3 = ; ; 13.22 

ZjlflZAfS + 2jtfi2jif3 -f- ZM2ZM3 

where zmI) zats and zjif3 are the mechanical impedances of the mechanical 
network of Fig. 13.14C. 

From a consideration of equation 13.22, it will be seen that the mag- 
nitude of the velocity X3 can be reduced by the application of the force 
/jif2 in the proper magnitude and phase with respect to /mi- For ex- 
ample, X3 = 0 when 

fMl'^M2 =fM2^Ml 13.23 

Under these conditions Jmz is also zero. That is to say, no vibrations 
are produced in the support. The machine is perfectly isolated from the 
support. 

Another problem is to reduce the vibration of the machine without 
regard to the vibration transmitted to the support. The velocity xi of 
the machine may be expressed as follows: 

/Afifevs + zjifs) — /jifsZArs 

; ; 13.24 

ZiflZAfS T ZAflZjtfS + ZAfsZAfS 

From a consideration of equation 13.24, it will be seen that the 
magnitude of the velocity ;«'i can be reduced by the application of the 
force/Mz in the proper magnitude and phase with respect to /mi- For 
example, the velocity of the machine ;c'i will be zero if 

/Afi(zAf2 + ZM3 ) = Jmz'^m.z 13.25 

If = 0, there will be no motion of the machine. However, under 
the conditions of feedback there will be a larger velocity *3 than in the 
absence of feedback. 

There are many applications for an electronic vibration reducer which 
decreases the coupling between an offending vibration producer and a 
terminal location in which the vibrations are undesirable. Most appli- 
cations for an electronic vibration reducer will involve the isolation of 
the vibrations produced by the machine from the foundation of the 
machine. 



CHAPTER XIV 

MOBILITY ANALOGY 


14 1. Introduction 

The analogies which have been presented and considered m the 
preceding sections of this book have been formal ones due to the sim 
ilarity of the differential equations of electrical, mechanical and acous 
tical vibrating systems For this reason these analogies have been 
termed the classical impedance analogies, these are, however, not the 
only ones possible of development for useful applications For example, 
mechanical impedance has been defined by some authors— in addition 
to the ratio of force to velocity as developed m this book — as the ratio 
of pressure to velocity, the ratio of force to displacement and the ratio 
of pressure to displacement During the past three decades the develop- 
ments m the field of analogies have been reported m publications ‘ by 
many investigators In this connection a useful analogy, developed by 
Firestone and designated by him as the “mobility analogy,” has been 
employed on a wide scale to solve problems in mechanical vibrating 
systems In the mobility analogy mechanical mobility is defined as 
the complex ratio of velocity to force Although the mobility analogy 
can be applied and used with all types of vibrating systems, the most 
direct and useful application of the mobility analogy resides in the field 
of mechanical vibrating systems Therefore, in order to make the sub- 
ject of analogies complete m this book, it seems logical to include the 
mobility analogy Accordingly, it is the purpose of this chapter to 
develop the mobility analogy, particularly as applied to mechanical 
rectilineal systems * 

* See Publications, Sect 1 3, for a list of references 

* The considerations m this cfiapter wi/I 6e confined to mechanical rectilineal 
systems The mobility analogy iS equally applicable to mechanical rotational 
systems In this connection mechanical rectilineal and mechanical rotational 
systems are not sufficiently different to warrant a separate treatment for the 
mechanical rotational system, particularly in view of the fact that fundamental 
aspects of the two systems have been considered from the classical impedance 
analogy viewpoint in this book 
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14.2. Definitions 

A few of the terms used in dynamical mobility analogies will be de- 
fined in this section. 

The mechanical terms forces dyne, instantaneous force, effective force, 
maximum force, peak force, centimeter per second, instantaneous velocity, 
velocity, effective velocity, maximum velocity, peak velocity and mechanical 
rectilineal system, which apply to mechanical mobility systems, have 
been defined in Chapters I and II and will not be repeated here. 

Mechanical Rectilineal Mobility. The complex quotient of the alter- 
nating linear velocity applied to the system by the alternating linear 
force produced in the direction of the velocity at its point of application. 
The unit is the mechanical mho. 

Mechanical Rectilineal Responsivity. The real part of the mechanical 
rectilineal mobility. This is the part responsible for the dissipation of 
energy. The unit is the mechanical mho. 

Mechanical Rectilineal Excitability. The imaginary part of the me- 
chanical rectilineal mobility. The unit is the mechanical mho. 

Compliance in a mechanical rectilineal mobility system is that coeffi- 
cient which, when multiplied by 25 r times the frequency, gives the 
positive imaginary part of the mechanical rectilineal mobility. The 
unit is the centimeter per dyne. 

Mass in the mechanical rectilineal mobility system is the coefficient 
which, when multiplied by 27 r times the frequency, is the reciprocal of 
the negative imaginary part of the mechanical rectilineal mobility. The 
unit is the gram. 

Mechanical Mobility Mho. A mechanical rectilineal responsivity, 
mechanical rectilineal excitability or mechanical rectilineal mobility is 
said to have a magnitude of one mechanical mho when a velocity of one 
centimeter per second produces a force of one dyne. 

14.3. Mechanical Rectilineal Mobility 

Mechanical rectilineal mobility is the inverse of mechanical rectilineal 
impedance. Mechanical rectilineal mobility zj, in mechanical mhos, 
IS defined as the complex ratio of linear velocity to linear force as follows: 


V 



14.1 
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where v = velocity, in centimeters per second, and 
/jf = force, m dynes 

It will be evident that a mechanical element m the mechanical 
mobility sense is analogous to the electrical element if velocity difference 
across the mechanical element is analogous to the voltage difference 
across the electrical clement and if the force through the mechanical 
element is analogous to the electrical current through the electrical 
element 

Mechanical rectilineal mobility 2 /, in mechanical mhos, is a complex 
quantity and may be written as follows 

zj^n+jxt 142 

where rj = rcsponsivity, m mechanical mhos, and 
XX = excitability, m mechanical mhos 


14,4 Responsmty (Mobility Resistance) 

In the mechanical rectilineal mobility system mechanical rectilineal 
responsivity (mobility resistance) r/, m mechanical mhos, is defined as 


a 1 
fu ru 


1^2 


where v •= velocity, m centimeters per second, 

/m ~ force, in dynes, and 

r^f = mechanical impedance, in mechanical ohms 


14 6 Mass (Mobility Capacitance) 

In the mechanical rectilineal mobility system the mass (mobility 
capaatance) mj, in grams, is analogous to electrical capacitance Ce 
The mechanical rectilineal excitability of a mass (mobility capac 
itance), in mechanical mhos, is defined as 

XI - 14 4 

ami 

where a = Irfy and 

/ *= frequency, in cycles per second 
Equation 14 4 shows that the mass (mobility capacitance) in the 
mechanical rectilineal mobility system is analogous to electrical capaci 
tance Cb m the electrical system 
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Mass (mobility capacitance) OTj in the mechanical rectilineal mobility 


system may also be defined as follows: 

dv 

Im = nil — 
at 

14.5 

v = — [ fudt 
mj J 

14.6 

In the electrical system electrical capacitance Ce may be defined as 
follows: 

de 

i = Ce— 14.7 

dt 

where i = electrical current, in abamperes, 

Ce = electrical capacitance, in abfarads, 
e = electromotive force, in abvolts, and 
t = time, in seconds. 


II 

14.8 


where / = current, in abamperes. 

It will be seen that equations 14.5 and 14.6 in the mechanical recti- 
lineal mobility system are analogous to equations 14.7 and 14.8 in the 
electrical system. 

14.6. Compliance (Mobility Inertia) 

In the mechanical rectilineal mobility system the compliance (mo- 
bility inertia) Cj, in centimeters per dyne, is analogous to electrical 
inductance L. 

The mechanical rectilineal excitability Xi of a compliance (mobility 
inertia), in mechanical mhos, is defined as 

xi = uCi 14.9 

where w = 2vfy and 

/ = frequency, in cycles per second. 

Equation 14.9 shows that compliance (mobility inertia) Ci, in centi- 
meters per dyne, is analogous to inductance. 
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Compliance (mobility inertia) Ciiti the mechanical rectilineal mobility 
system may also be defined as 

r = 14 10 

dt 

In the electrical system inductance may be defined as 
dt 


where L = inductance, in abhennes 

It will be seen that equation 14 10 in the mechanical rectilineal 
mobility system is analogous to equation 14 II m the electrical system 

14.7. Representation of Electrical and Mechanical Rectilineal 
Mobility Elements 

Electrical elements have been defined m Chapter 11 Elements in 
the mechanical rectilineal mobility system have been described m the 
preceding sections of this chapter 

Fig 14 1 illustrates schematically the mechanical elements and the 
analogous elements m the electrical and mechanical rectilineal mobility 
systems 
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Fig 14 I Graphical representation of the three basic elements in mechanical tectiliaeal, 
mobility and electrical systems 
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Mechanical rectilineal resistance Tm in the mechanical rectilineal 
system is represented as sliding or viscous friction. Mechanical recti- 
lineal responsivity (mobility resistance) ri in the mechanical rectilineal 
mobility system is the reciprocal of mechanical rectilineal resistance 
m and is analogous to electrical resistance te- 
Compliance Cm in the mechanical rectilineal system is represented 
as a spring. Compliance (mobility inertia) Cj in the mechanical recti- 
lineal mobility system is analogous to inductance L in the electrical 
system. 


TABLE 14.1 


Electrical 

Mechanical Rectilineal Mobility 

Quantity 

Unit 

Sym- 

bol 

Quantity 

Unit 

Sym- 

bol 

Electromotive 

Force 

Volts X 10-8 

e 

Velocity 

Centimeters 
per Second 

X orv 

Charge or 
Quantity 

Coulombs X 10“^ 


Impulse or 
Momentum 

Gram Centimeter 
per Second 

Q 

Current 

Amperes X 10”^ 

B 

Force 

Dynes 

fu 

Electrical 

Impedance 

Ohms X 10^ 

ZE 

Mechanical 

Mobility 

Mechanical 

Mhos 

ZJ 

Electrical 

Resistance 

Ohms X 10® 

rE 

Responsivity 

Mechanical 

Mhos 

ri 

Electrical 

Reactance 

Ohms X 10® 

XE 

Excitability 

Mechanical 

Mhos 

XI 

Inductance 

Henries X 10® 

B 

Compliance 
or Mobility 
i Inertia 

Centimeters 
per Dyne 

Cl 

Electrical j 

Capacitance | 

Farads X 10® 

Ce 

I Mass or 
Mobility 
Capacitance 

Grams 

mi 


Ergs per Second 


Power 

Ergs per Second 

Pi 
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Mass m m the mechanical rectilineal system is represented as a mass 
or weight Mass (mobility capaatancc) mj m the mechanical rectilineal 
mobility system is analogous to electrical capacitance Ce m the electrical 
system 

The quantities m the clecuical and mechanical rectilineal mobility 
systems are shown in Table 14 I The units and the analogous elements 
and s>mbols in the two systems are shown m Table 14 1 

14.8 Mechanical Vibrating Systems Consistmg of a Mass, Compliance 
and Mechamcal Resistance 

The vibrating system * of one degree of freedom consisting of a mass, 
compliance and mechanical resistance has been considered from the 
standpoint of the classical mechanical impedance analogy m Chapter III 
It is the purpose of this section to consider the same and other mechan 
ical vibrating systems from the standpoint of the mechanical mobility 
analogy * 

Six mechanical vibrating systems consisting of a mass, compliance 
and mechanical resistance in different arrangements will be considered 
in this section Two of the mechanical vibrating systems — namely, 
those shown in Figs 142 and 14 4 — have been considered m Chapters 
III and IV Four of the mechamcal vibrating systems— namely, those 
shown m Figs 14 3, 14 5, 14 6 and 14 7— have not been considered in 
the preceding sections concerned with classical mechanical impedance 
analogy Therefore, the classical mechanical network of these vibrating 
systems will be included in this section 

The first mechamcal system consistmg of a mass, compliance and 
mechanical resistance is shown m Fig 14 2A The mechanical vibrating 
system may be rearranged to form the equivalent as shown in Fig 14 25 
From the mechanical vibrating system of Fjg 14 25 it is a relatively 
simple matter to develop the mobility analogy of Fig 14 2C 


* The preceding sections have been concerned with fundamental considerations 
Therefore, the modifier rectilineal has been employed for the sake of accuracy 
Since the remainder of this chapter will be concerned with applications of the 
mechanical rectilineal mobility, the modifier rectilineal will be dropped 

* In view of the fact that this chapter » concerned with mechanical systems, 
the modifier mechanical m relation to the mechanical mobility analogy ts also 
superfluous and need not be used 
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Fig. 14.2. A mechanical vibrating system consisting of a mass, compliance and mechanical 
resistance. A. Mechanical system. B. Mechanical system equivalent to the mechanical 
system of A. C. Mobility network of the mechanical system. D. Electrical network 
analog of the mobility system. 


The sum of the forces through the three branches of the mobility 
network ® of Fig. 14.2C is 


where 


— JmX ■\~fM2 +/Af3 

14.12 

V 


Jmi — — 

14,13 

n 


do 


fM 2 - mi — 
dt 

14.14 

1 r 


fM2=— 1 Vdt 

14,15 

Cl J 



‘In establishing analogies between electrical and mechanical systems the 
dements in the electrical network have been labeled ris, L and Ce- However, 
in using analogies in actual practice the conventional procedure is to label the 
elements in the analogous electrical network with ra, m and Cm for the classical 
mechanical rectilineal system and with r/, Ct and mi for the mobility mechanical 
rectilineal system. This procedure will be followed in this chapter in labeling 
the elements of the analogous electrical network. It is literally accurate to labd 
the network with the caption “Analogous electrical network of the mechanical 
rectilineal system” (or, of the mobility mechanical rectilineal system). For the 
“ brevity, these networks will be labeled “mechanical network” and 
mobility network.” Where there is only one path, “circuit” will be used in- 
stead of “network.” 
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From the sum of equations 14 13, 14 14 and 14 15 the difFcrential 
equation of the mobility network of Fig 14 2C is 
dv V 1 /* , 

l"7r / IS 

at r/ w 

The sum of the electrical currents of the electrical network of Fig 


14 2D is 

r = rj + *3 + ra 

H17 

where 

e 

rs 

H IS 


de 

1419 



14 20 


From the sum of equations 14 18, 14 19 and 14 20 the differential 
equation of the electrical network of Fig 14 2D is 

I “ Cb — 4 — ~ f tdt 14 21 

dt re LJ 

Comparing the variables and coefficients of the mobility and electneal 
networks m the differential equations 1416 and 14 21 establishes the 
analogous variables and quantities m the two systems as given in 
Table 14 1 

The classical mechanical impedance analogy of the mechanical system 
of Fig 14 2 has been considered in Chapter III and will not be repeated 
here 

The second mechanical system consisting of a mass, compliance and 
mechanical resistance IS shown ui Fig 14 3^ New labels for establishing 
the mobility analogy are shown in Fig 14 3B The mechanical mobility 
circuit of the mechanical vibrating system is shown m Fig 14 3C In 
the mobility analogy the force /m is the same through all the elements 
of the mobility circuit of Fig 14 3C The velocity drop through the 
three elements of the mobility circuit of Fig 14.3C is 

r -f* P 3 14 22 
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Fig. 143. A mechanical vibrating system consisting of a mass, compliance and mechanical 
resistance. A. Mechanical system. B. Mechanical system equivalent to the mecham’cal 
system of A. C. Mobility circuit of the mechanical system. D. Electrical circuit analog 
of the mobility system. E. Mechanical network in the classical impedance analogy 
system. 


where 


II 

14.23 



P2 = Cl4- 

14.24 

dt 


Vs - — f fhidt 

14.25 

mi J 



From the sum of equations 14.23, 14.24 and 14.25 the differential 
of the mobility circuit is 


V 



+ fi/if + Ci 


^fsi 

~dt 


14.26 


The current i is the same through all the elements in the electrical 
circuit of Fig. 14.3D. The voltage drop across through the three 
elements of Fig, 14.3D is 


= 

14.27 

II 

14.28 

di 


= L,— 

14.29 

dt 


1 r 


ez— — / idt 

14.30 

CeJ 



where 
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From the sum of equations 14 30, 14 31 ^nd 14 32 the differential of 
the electrical circuit of Fig 14JC is 


I r , 

The solution of the differential equation 14 31 is 
e e 


*‘s +7«L + 


The electrical impedance zb is 


JbsCs 


ze = Tb +juL + 


1 

3u>Cb 


The oolution of the differential equation 14 26 is 

f ^ ° 

/u r* • 7 

1 Zj 

n +7wCr H 

jumi 

The mechanical mobility z/ is 


z/ rj +^«C/ 4 

jufinj 


1431 

1432 

14JJ3 

14 34 

1435 


The electrical quantities m equation 14 33 and the mobility quantities 
in equation 14 35 arc defined in Table 14 1 

Comparing the variables and coefficients of the mobility and electrical 
circuits in the differential equations 14 26 and 14 31 establishes the 
analogous variables and quantities in the two systems as given in Table 
14 1. 

The solution of the differential equations yields the equations for the 
mechanical mobility and electrical impedance These are given in 
equations 14 33 and 14 35 A comparison of the variables and quantities 
in the expressions for the mechanical mobility and electrical impedance 
provides another example of the analogy of mechanical mobility systems 
and electrical systems 

The classical mechanical impedance network of the mechanical system 
of Fig 14 3^f is shown m Fig 14^£ The mechanical network of Fig 
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I4.3E can be established and solved by employing the procedures 
outlined in the preceding chapters of this book. 

The third mechanical system consisting of a mass, compliance and 
mechanical resistance is shown in Fig. 14.4^. For convenience in 


A Cm 



MECHANICAL SYSTEM 


Fio. 14.4. A mechanical vibrating system consisting of a mass, compliance and mechanical 
resistance. A. Mechanical system. B. Mechanical system equivalent to the mechanical 
I system of A. C. Mobility network of the mechanical system. 

establishing the mobility networks the mechanical system may be re- 
I arranged to the equivalent mechanical system of Fig. 14.45; the me- 
i chanical mobility netrvork is shown in Fig. 14.4C. By employing the 
j expressions for the quantities and elements which have been established, 
I the performance of the system may be obtained from the mobility 
f network. The classical impedance analogy of the system of Fig. 14.4 
I has been considered in Chapter IV and will not be repeated here, 
j The fourth mechanical system consisting of a mass, compliance and 
i mechanical resistance is shown in Fig. 14.5^. The classical mechanical 
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>0- 14.5. A mechanical vibrating system consisting of a mass, compliance and mechanical 
resistance. A. Mechanical system. B. Mechanical network in the classical impedance 
^^°Sy_system. C. Mechanical system equivalent to the mechanical system of A. 
• Mobility network of the mechanical system. 
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network of the mechanical vibrating s 5 rstem is shown in Fig 14 SB 
The establishment and solution of die mechanical network can be de 
termined by procedures as outbncd m the preceding chapters of this 
book As an aid in establishing the mobility, the mechanical vibrating 
system is redrawn as shown m Fig 14 5C, the mobility network of the 
mechanical vibrating system is shown in Fig 14 SD 
The fifth mechanical system consisting of a mass, compliance and 
mechanical resistance IS shown in Fig 14 6^ The classical mechanical 
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Fio 14 6 Anechxnical vibraang system consisongof a mass, compliance and mechanical 
teiistaftcc A Mechatvicil system B Mechanical network m the classical impedance 
analogy system C Mechanical system equivalent to the mechanical system of A D 
Mobility network of the mechanical system 
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network of the mechanical vibrating system is shown in Fig. 14.65. 
The same mechanical system, redrawn as an aid in establishing the 
mobility network, is shown in Fig. 14.6^; the mobility network of the 
mechanical vibrating system is shown in Fig. 14.6D. 

The sixth mechanical system consisting of a mass, compliance and 
mechanical resistance is shown in Fig. The classical mechanical 

network of the mechanical vibrating system is shown in Fig. 14.75. 
The mobility network of the mechanical vibrating system of Fig. 14.7^, 
which is equivalent to mechanical vibrating system of Fig. 14.7/^, is 
shown in Fig. 14.7D. 

14.9. Mechanical Vibrating System of Three Degrees of Freedom 

A mechanical vibrating system of three degrees of freedom has been 
considered from the standpoint of the classical impedance analogy in 
Sect. 4.13. The mechanical vibrating system of three degrees of freedom 
is shown in Fig. 14.8A. The mobility network of the mechanical vi- 


Cmi Cm2 



MECHANICAL SYSTEM 

B Cii Cia C Li Lj 



MOBILITY NETWORK ELECTRICAL NETWORK 


Fig. 14.8. A mechanical vibrating system consisting of two masses, two compliances and 
a mechanical resistance. A. Mechanical system. B. Mobility network of the mechanical 
system. C. Electrical network analog of the mobility system. 

brating system of Fig. 14.8A is shown in Fig. 14.85; the electrical net- 
work analogous to the mobility network is shown in Fig. 14.8C. 

14.10. Electrical, Mechanical and Mobility Transformers 

A transformer is a transducer used for transforming between two 
impedances without appreciable reflection loss. 

Electrical and mechanical transformers have been considered from 
the standpoint of the classical impedance analogy in Sect. 5.22. The 
lever shown in Fig. 14.9^ is a mechanical transformer; the mobility 
transformer is shown in Fig. 14.95. The electrical transformer analogous 





246 


MOBILITY ANALOGY 



Fic 14 9 Mechanical, mobility and electrical translbrmcrs A Mechanical transformer 
B Mobility transformer of the mechantcal system C Electncal transformer analog of 
the mob bty ttansformet 

to the mechanical transformer m the mobility complex is shown m Fig 
14 9C The ratios of the lengths of the levers and number of turns in 
the mechanical and electrical systems are as follows 

/, k =• M Ns 14 36 

where A and Is - the lengths of the levers shown in Fig 14 9/f, and 
Ni and Ns “ turns on the primary and secondary of the electrical 
transformer m Fig 14 9C 

14 11 Wave Filters 

Wave filters have been considered from the classical impedance 
analogy in Chapter VI It is the purpose of this section to describe the 
performance of low and high pass wave filters from the standpoint of 
the mobility analogy 

A low pass mechanical wave filter is shown m Fig 1410y^ The 
mobility and electrical wave filters which are analogies of the mechanical 
wave filters are shown in Fig 14 lOfi and C 
The mechanical mobility of the senes arm of Fig 14 105 is given by 

sji = jwCi 14 37 

The electrical impedance of the senes arm of Fig 14 IOC is given by 
2si —jtaL 14J8 
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The mechanical mobility of the center shunt arm of Fig. 14.105 is 
given by 

zi2 = 14.39 


jumi 


MECHANICAL FILTER 

B Cl Cl 

— 1 

j : x ! l _ x . 

MOBILITY FILTER 
Cl L 

j '7!7fZr^ ~~j — 'TfUiP I 

_i 

ELECTRICAL FILTER 

Fig. 14.10. Mechanical, mobility and electrical low pass wave filters. A. Mechanical low 
pass filter. B. Mobility low pass filter of the mechanical system. C. Electrical low pass 
filter analog of the mobility low pass filter. 

The electrical impedance of the center shunt arm of Fig. 14.10C is 
given by 

1 


ZE2 = 7 


joiCs 


The limiting frequencies of transmission are given by 

-4 


Zl Zi 

- = 0 and - = 


Z2 Z2 

From the constants of the systems 


— = CiTnjuo^ ~ 0 

2I2 


2/2 


when o>c = 0 
= LCeuo^ — 0 when coc = 0 
= —Cimiuc^ = — 4 when too 


'V/ ClTtll 


14.40 

14.41 

14.42 

14.43 

14.44 
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— = —LCeuc^ ~ —4 -when wc - - yf~ 
Z£2 V 


U4S 


Equations 14 42 to 14 45 inclusive show that the systems of Fig 14 10 
are low pass filters transmitting currents of all frequencies lying between 

wc 

0 and the upper cutoff frequency /c where/c = — 

2ir 


A high pass mechanical wave filter is shown m Fig 14 \\A The 
mobility and electrical wave filters which are analogies of the mechanical 



filter arc shown m Fig 14 115 and C 
The mechanical mobility of the 
series arm of Fig 14 115 is given by 
1 

z/i«- 14 46 

jbstni 

The electrical impedance of the 
senes arm of Fig 14 IIC is given by 



MOBILITY fILTCfl 

c «e 


1 



14 47 


The mechanical mobility of the 
shunt arm of Fig 14 115 is given by 
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z/s = j<j>Cx 14 48 
The electrical impedance of the 
shunt arm of Fig HHCisgivenby 


Rc 1411 Mechanical, mobility and 
electrical high pass irave filters A 
Meehan cal high pass filter B Mo- 
bility high pass filter of the mecham 
cal system C Electrical high pass 
filter analog of the mobility high pass 
filter 


^E2 =* ywL 14 49 
The limiting frequencies of trans 
mission are given by 

fl.o 5=_4 

Is Is 


From the constants of the system 


“ = ? * 0 when we = « 14 50 

Zl2 ClWjWc* 
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^Bl 

ZE2 

Zl2 

ZE2 


LCeo>c'‘ 


= 0 when uo = <» 


1 , 1 

r = —4 when coc = — , 

Cj?njuc 2 '\/ Cimi 

1 , 1 

r = —4 when wcr = 7 = 

LCeuc^ 2VLC^ 


14.51 

14.52 

14.53 


Equations 14.50 to 14.53 inclusive show that the systems of Fig. 14.11 
are high pass filters transmitting currents and mechanical forces of all 
frequencies lying between the lower cutoff frequency /c where fc = 

03(1 

— and infinity. 

27r 


14.12. Driving Systems 

The subject of driving systems from the standpoint of the classical 
impedance analogies has been considered in Chapter VIII. These 
systems may be also considered from the standpoint of the mobility 
analogy. It is the purpose of this section to show that there are ad- 
vantages for each analogy depending upon the type of transducer. 

A. Electrodynamic Driving System. — A moving coil or dynamic driving 
system is a driving system in which the mechanical forces are developed 
by the interaction of currents in a conductor and the magnetic field 
in which it is located. The electrodynamic system is depicted in Fig. 

14.12, where the electrical and mobility networks are also shown. 

The electromotive force, in abvolts, on the electrical side of the system 

is the sum of the electromotive force drop due to the current in the 
electrical system plus the back electromotive force developed due to 
the motion of the system. Sect. 8.2. This may be expressed as follows: 

e = {rE+ juL)i -f Blx 14.54 

where e = electromotive force applied at the electrical input, in abvolts, 
rE = electrical resistance of the voice coil, in abohms, 

L — inductance of the voice coil, in abhenries, 

0 ) = 2 v/, 

/ = frequency, in cycles per second, 
i = current in the voice coil, in abamperes. 
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B * flux density in the air gap, in gausses, 

2 == length of the voice coil conductor, in centimeters, and 
= p ss velocity of the voice coil, m centimeters per second 

The force developed on the mechanical side is the difference between 
the force developed due to motion (employing the mobility analogy, 
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Fio 14 12 Electrodynamic dnvmg system, the fflcchaoical system, the mobility network 
of the mechanical system and the combination of the electrical and mobility networks 
In the electneal and mobility netwotbs e the electromoQTe force applied to the voice 
coil I, the current in the voice coil L, the inductance of the voice coil rg, the elec 
tncal resistance of the voice coil B, the flax density m the ait gap I, the length of the 
conductor in the voice coil m, the mass of the diaphragm and voice coil Cm, the com 
pliance of the suspension system Ct, the mobility inertia mi, mobility capacitance 
/u, the force generated m the mechanical system v, the velocity of the mechanical 
system 

equation 14 1) and the force due to the current in the cod This may 
be expressed as follows 

/j, = - - Bh H 55 

2 / 

where/ir — force, in dynes, 

V “ velocity of the system, in centimeters per second, and 
Sj = mechanical mobility, in mechanical mhos 

The mechanical mobility of the mechanical system is given by 

— *= j«TOj d 14 56 

2/ 
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where Cj = compliance or mobility inertia of the suspension, in centi- 
meters per dyne, and 

mi = mass or mobility capacitance of the diaphragm, in grams. 

In the complete electrical and mobility network there is an ideal 
transformer coupling the electrical and mechanical systems with a turns 
ratio of Bl'.l. 

From the complete network representation of the electrical and me- 
chanical system shown in Fig. 14.12 it may be deduced that there is 
some advantage in the use of mobility analogy because electromotive 
force and current are analogous to velocity and force, respectively. 

B. Electrostatic Driving System . — ^An electrostatic driving system is a 
driving system in which the mechanical forces are produced from elec- 



MECHANICAL SYSTEMS 

Fig. 14.13. Electrostatic driving system, the mechanical system, the mechanical circuit 
and the electrical and mechanical networks. In the electrical and mechanical networks: 
e, the signal electromotive force applied to the system, i, the current due to the applied 
electromotive force. Ceu the electrical capacitance of the blocking capacitor, rs, the 
electrical resistance of the polarizing resistor, fo, the electromotive force of the polarizing 
battery. Ce2, the electrical capacitance of the electrostatic transducer, m, the mass of 
the diaphragm. Cm, the compliance of the suspension system. t>, the velocity of the 
diaphragm. Jm, the force developed in the mechanical system. 

trostatic reaction. The electrostatic system consisting of a fixed and 
movable plate and an electrical polarizing means is depicted in Fig. 14.13. 
The electrical and classical mechanical impedance networks are shown 
in Fig. 14.13. 
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The driving force upon the plate developed by the applied electro- 
motive force IS given by equation 8 58 as follows 


tot/i 

4t<** 


14 57 


where /ir *= driving force, m dynes, 

Co — polarizing electromotive force, in statvolts, 
e = driving electromotive force, m statvolts, 

A *= area of the movable plate, in square centimeters, and 
a «= spacing between the movable and stationary plate, in 
centimeters 


The force developed on the mechanical side is the sum of the force 
developed by the applied voltage and the force due to motion This 
may be expressed as follows 

foeA 

fu “ 14 58 

where /ir force, m dynes, 

Zit mechanical impedance, in mechanical ohms, and 
X te B B velocity of the plate, in centimeters per second 

The mechanical impedance of the vibrating sjstem is given by 


Zji ^jam - 4 — — 14 59 

juCis 

where =» mechanical impedance, m mechanical ohms, 
m = mass of the diaphragm, in grams, and 
Cjif =» compliance of the suspension, m centimeters per dyne 


The current generated by the movement of the plate is given by 
equation 8 67 as follows 


w 


A 


1460 


where » »= current, in statamperes, and 

X s= velocity, m centimeters per second 
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The complete equation for the current in the electrical circuit, neglect- 
ing the polarizing system, is given by 


i = - — -X -^jaCEe 


where Ce = electrical capacitance, in statfarads. 

In the complete electrical and mechanical network there is an ideal 

Aea 

transformer with a turns ratio of 1: r . 

In the complete network representation of the electrical and me- 
chanical system shown in Fig. 14.13 it may be deduced that there is 
some advantage in the use of the classical mechanical impedance analogy 
because electromotive force and current are analogous to force and 
velocity, respectively. 

C. JJse of the Classical and Mobility Analogies . — ^The examples in this 
section have illustrated that advantages in the use of the classical im- 
pedance and mobility analogies reside in the type of transducer. The 
use of the rhobility analogy results in a direct analogy for dynamic, 
magnetic and magnetostriction transducers, while the use of the classical 
impedance analogy results in a direct analogy for electrostatic and 
crystal transducers. 


14.13. Direct Radiator Loudspeaker 

The direct radiator dynamic loudspeaker shown in Fig. 14.14^ is 
almost universally used for radio, phonograph, television and other 
small-scale sound reproduction. 

The electrical and mechanical systems of the complete loudspeaker 
are shown in Fig. I^.IAA. The mechanical vibrating system consisting 
of the voice coil, cone, suspension and air load is shown in Fig. 14.145. 

The mass mi of the cone and voice coil, and the compliance Cm and 
mechanical resistance of the suspension system, can be obtained from 
measurements of the vibrating system. 

The mechanical system of the air load — namely, the mechanical 
resistance rji /2 and mass m 2 of the air load upon the front of the cone — 
is depicted in Figs. \A.\SA and 14.15D. The mechanical network of 
the air load upon the front of the cone is shown in Fig. 14.155. The 
constants of the mechanical resistance and mass of the air load upon 
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Fio 14 14 Cross sectional Tiew, the mechanical system, the clectncal and mobility net 
worli^ and the electrical network of a direct radiator dynamic loudspeaker In the 
clectncal and mechanical networks r, the electromotive force of the clectncal genetatot 
rso, the electrical resistance of the electrical generator L, the inductance of the voice 
coil TEi, the electrical resistance of the voice coil mi, the mass of the cone Cjf and 
fin, the compliance and mechanical resistance of the suspension m 2 and rm, the mass 
and mechanical resistance of the air load. f»i_^ the roobikty caijacitance of the cone 
Cl and rn, the mobility inertia and rcsponsivity of the suspension mn and rn, the 
mobility capacitance and responsivity of the air load B, the flux density in the air 
gap /, the length of the voice c«l conductor a, the radius of the cone p, density of 
the air 

the front of the cone are shown m the mechanical network of Fig 14 15C. 

The mobility circuit of the air load upon the front of the cone is shown 
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in Fig. 14.155. The constants of the responsivity and compliance 
are shown in the mobility circuit of Fig. 14.155, 
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SYSTEM SYSTEM 
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Fig. 14.15. Air load upon a loudspeaker cone. A. Mechanical system, w, the mass of the 
air load, rjij-, the mechanical resistance of the air load. B. Mechanical nework of the 
air load upon a loudspeaker cone. C. Mechanical network of the air load upon a loud- 
speaker cone, a, the radius of the cone, p, the density of air. c, the velocity of sound. 
D. Mechanical system same as A. E. Mobility circuit of the air load upon a loudspeaker 
cone, mi, the mobility capacitance of the air load, ri, the responsivity of the air load. 
F. Mobility circuit of the air load upon a loudspeaker cone, a, the radius of the cone. 
P, the density of air. c, the velocity of sound. 


The electrical and mobility networks with the ideal transformer con- 
necting the electrical and mobility sections are shown in Fig. 14.14C. 

In Fig. 14.14D the ideal transformer has been eliminated, and the 
entire vibrating system reduced to an electrical network. The electrical 
impedance due to the mechanical system is given by equation 8.4 as 
follows: 

{Blf 

ZEM = 14.62 

Zm 

where zem = electrical impedance due to the mechanical system, in 
abohms, 

Zm — mechanical impedance of the mechanical system, in 
mechanical ohms, 

B = flux density in the air gap, in gausses, and 
I = length of the voice coil conductor, in centimeters. 
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Since — = Zi, equation 14 62 may be written 

ZEM^W^i 14 63 

where z/ = mobility, in mechanical mhos 

By means of equation 14 63 jt is possible to convert the combined 
electrical and mobility networks to the electrical network, as shown in 
Fig 14 I4D 

The process employing the mobility analysis of this section may be 
compared with the classical impiedance analysis of Sect 114. 
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16.1. Introduction 

Magnetic systems are important elements in all manner of transducers 
employed in sound, control, servo, generating, driving and feedback 
systems. These transducers include loudspeakers, microphones, phono- 
graphs, phonograph cutters and pickups, magnetic heads, film recording 
galvanometers, telephone receivers, meters, relays, motors, generators, 
solenoids and so forth. As in the case of mechanical and acoustical 
systems it is possible to establish analogies between electrical and mag- 
netic systems. The use of analogies between electrical and magnetic 
systems and the reduction of a magnetic system to the analogous elec- 
trical network are powerful tools for use in the solution of problems in 
magnetic systems. It is the purpose of this chapter to develop the 
analogy between electrical and magnetic systems. 

16.2. Definitions 

The most important terms use;? in magnetic systems will be defined 
in this section as follows: 

Magnetic Flux. The physical manifestation of a condition existing 
in a medium or material subjected to a magnetizing influence. The 
quantity is characterized by the fact that an electromotive force is 
induced in a conductor surrounding the flux during any time that the 
flux changes in magnitude. In the cgs system the unit of magnetic flux 
is the maxwell. 

Magnetomotive Force in a magnetic circuit is the work required to 
carry a unit magnetic pole around the circuit against the magnetic field. 
In the cgs system the unit of magnetomotive force is the gilbert. 

^ Reluctance. The property of the magnetic circuit to resist magnetiza- 
tion. Thus the amount of magnetic flux-resulting from a given mag- 
netomotive force acting on a magnetic circuit is determined by the 

257 



258 MAGNETIC ANALOGY 

magnetic reluctance of the arcait In the c^ system the unit is the 
gilbert per maxwell 

Maxwell The cgs unit of magnetic flux It is the flux produced by 
a magnetomotive force of one gilbert m a magnetic circuit of unit re- 
luctance 

Line A term commonly used interchangeably for a maxwell 

Gilbert The cgs unit of magnetomotive force It is the magneto- 
motive force required to produce one maxwell of magnetic flux m a 
magnetic circuit of unit reluctance 

Oersted The unit of field strength m the cgs system It is the 
magnetomotive force equivalent to one gilbert per centimeter of length 
One oersted is the magnetic field strength at the center of a plane cir 
cular coil of one turn and a radms of one centimeter carrying a current 
of t/2 abamperes 

Gauss The unit of flux density One gauss equals one maxwell per 
square centimeter 

Flux The term applied to the physical manifestation of the presence 
of magnetic induction 

Flux Density The number of lines or maxwells per unit area in a 
section normal to the direction of the flux In the cgs system the unit 
IS the gauss 

Ampere Turn The unit of magnetomotive force It is a product of 
the number of turns on a coil and the amperes passing through the 
turns 

Magnetizing Force The magnetomotive force per unit length at any 
given point in a magnetic circuit In the cgs system the unit of mag 
netizmg force is the oersted 

Leakage That portion of the magnetic field that is not useful 

Leakage Coefficient The ratio of the total flux produced to the useful 
flux 

Induction, Intrinsic {Ferric Induction) That portion of the induction 
in excess of the induction in a vacuum for the same magnetizing force 

Induction, Magnetic The magnetic flux per unit area of a section 
normal to the direction of flux resulting when a substance is subjected 
to a magnetic field This is also known as magnetic flux density In 
the cgs system the unit of magnetic flux density is the gauss 

Coerciie Force The magnetomotive force which must be applied to 
a magnetic material m a direction opposite to the residual induction to 
reduce the latter to zero 
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Demagnetization. The reduction of magnetization. It may be either 
partial or complete. 

Demagnetization Curve. That portion of the normal hysteresis loop 
in the second quadrant showing the induction in a magnetic material 
as related to the magnetizing force applied in a direction opposite to 
the residual induction. See Fig. 15.9. 

Permeability. The ratio of the magnetic induction in a given medium 
to the induction which would be produced in a vacuum by the action 
of the same magnetizing force. The magnetic circuit in the medium 
must be a closed circuit with no leakage. 

16.3. Simple Magnetic Circuit 

The considerations in this book have been concerned with establishing 
and employing the analogies between electrical^ mechanical and acous- 
tical systems. As an extension, analogies between electrical and mag- 
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Fio. IS.l. The magnetic system, electrical circuit and magnetic circuit of a magnetic 
circuit of a single material. A. The magnetic system: i', the electrical current in the 
coil. M, the magnetomotive force developed because of the current in the coil. the 
total magnetic lines in the magnetic circuit. R, reluctance of the magnetic circuit. B. 
The electrical circuit analogous to the magnetic circuit: e, the electromotive force 
analogous to magnetomotive force, i, the current analogous to total magnetic lines. 
rs, the electrical resistance analogous to reluctance. C. The magnetic circuit of the 
magnetic system: M, the magnetomotive force. <p, the total magnetic lines. R, the 
reluctance. 


netic quantities may be used to solve problems in magnetic systems by 
reducing the system to an analogous electrical network. The perform- 
ance of the network may then be determined by electrical circuit theory. 

A simple magnetic system consists of a closed loop of magnetic 
material encircled by a coil of wire carrying a current. The fundamental 
equation of the magnetic circuit of Fig. 15.1.^ is given by 



15.1 
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where - total lines, in maxwells, 

M = magnetomotive force generated by a current in the coil, in 
gilberts, and 

R = reluctance, in gilberts per maxwell 

Equation IS 1 is analogous to Ohm's law in electrical circuits and 
may be expressed as follows 

i = - 15 2 

tb 

where \ = current, m abampcres, 

t ~ electromotive force, in abvolts, and 
Te = electrical resistance, m abohms 

The electrical circuit of Fig 15 15 is analogous to the magnetic system 
of Fig IS The magnetic circuit of the magnetic system is shown 
in Fig 15 1C' 

TABLE IS 1 


Eleetneal 

Magneue 



Sym 

bol 

(^annty 



EleetromooTe 

Force 

Volts X 


Magntto- 
monve I 

Force 

Gilberts 

M 

Electrical 

Resistance 

Ohms X 10* 

re 

Reluctance 

Giber ts 
per 

Maxwell 

R 

Current 

Amperes X 10"* 

t 

Flux 

Maxwells 



‘As in the case of establishing analogies between electrical, mechanical and 
acoustical systems, the elements of the electrical network analogous to the 
magnetic system have been labeled with electrical symbols However, by 
following the procedure outlined in the footnotes on pages 131 and 1B8. the 
conventional procedure will be to label the analogous electrical network with the 
magnetic symbols as shown in Fig 15l(?,Fig 154Candsoforth Itisliterally 
accurate to label this network with the caption analogous electrical network 
of the magnetic system ‘ For the sake of brevity these networks will be labeled 
‘ magnetic network ” Where there is only one path, circuit will be used 
instead of network ’* 
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The analogous quantities and symbols in electrical and magnetic 
systems are shown in Table 15.1. The data of Table 15.1 summarize 
the discussion relating to equations 15.1 and 15.2. 

The magnetomotive force, developed by a current in the coil in the 
electromagnetic system as shown in Fig. 15.1, is given by 

M = Arni' 15.3 


where M = magnetomotive force, in gilberts, 
« = number of turns in the coil, and 
i' = current in the coil, in abamperes. 


The other quantity in equation 15.1 is the reluctance of the magnetic 
circuit. The magnetic circuit of Fig. 15.1 consists of a magnetic con- 


ductor of ferromagnetic material. With no leak- 
age assumed, the reluctance of the magnetic con- 
ductor shown in Fig. 15.2 is given by 

/ 

R = — 15.4 

where R — reluctance, in gilberts per maxwell, 

/ = length of the conductor, in centimeters, 
A — cross-sectional area of the magnetic 
conductor, in square centimeters, and 
M = permeability of the magnetic material. 

The electrical resistance of a conductor is given 
by 



Fic. 15.2. Magnetic 
conductor. /, the 
length, a, the width. 
b, the height. A — 
ay. b. A, the cross- 
sectional area of the 
magnetic conductor. 
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where Te = electrical resistance, in abohms, 

I = length of the conductor, in centimeters, 

A = cross-sectional area of the electrical conductor, in square 
centimeters, and 

S = conductivity of the electrical conductor, in abmhos. 

By comparing equations 15.4 and 15.5 it will be seen that the formulas 
for magnetic reluctance and electrical resistance for magnetic and 
electrical conductors are analogous. Furthermore, magnetic permeabil- 
ity IS analogous to electrical conductivity. 
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The permeability of a magnetic material can be obtained from the 
relation 

B 

where B = flux density, in gausses, and 
H ~ magnetizing force, m oersteds 

The B H versus B characteristic for various magnetic materials *■* is 
shown in Fig 153 The permeability of the ferromagnetic material 
can be obtained from equation 15 6 
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Pic 15J D C magnetiztflion charactensucs of vanous matenals 1 Permandur, 50 
per cent coba\t and 50 per cent iron 2 Electrolytic iron 0 Armcoiron 4 Annealed 
cold drawn steel 5 Medium hard silicon steel 6 Nickel Iron alloy, 47 per cent nickel 
7 Permalloy, 79 per cent nickel 8 Allegheny, Mumetal 9 Supermalloy 10 
Deltamax 11 Pure nickel 12 Cast iron 13 Cobalt, permanent magnet Steel 14 
Almco, permanent magnet alloy After Ketitner, Boauth 

The magnetic circuit of Fig 15 ICcan be solved by means of equations 
15 1 to 15 4 inclusive and 15 6, and the data of Fig 15 2 


*Kentner, A E , Cr« -E/er EePjVol 45, No II, P 633^ 1942 
* Boxorth, ‘ Ferromagnetism," D Van Nostrand Co , Princeton, N J > 1951 



in series is shown in Fig. \SAA. The analogous electrical circuit of the 



Fig. 15.4. The magnetic system, electrical circuit and magnetic circuit of a magnetic 
circuit of two different materials. A. The magnetic system: V, the current in the coil. 
M, the magnetomotive force developed because of the current in the coil. <#>, the total 
magnetic lines in the magnetic circuit. JRi and Ri, the reluctances of the two parts of 
the magnetic circuit. B. The electrical circuit analogous to the magnetic circuit: e, the 
electromotive force analogous to the magnetomotive force. /, the current analogous to 
the total magnetic lines, rm and rsi, the electrical resistances analogous to the reluc- 
tances. C. The magnetic circuit of the magnetic system: M, the magnetomotive force. 
4>, the total lines. Ri and R 2 , the reluctances in the magnetic circuit. 


magnetic system is shown in Fig. 15.45; the magnetic circuit of this 
system is shown in Fig. 15.4C. The magnetic flux in the magnetiq^eijxuit 
is given by 


M 

Ri + i?2 


15.7 


where <f) = total lines, in maxwells, 

M = magnetomotive force developed by the current in the coil, 
in gilberts, 

Ri = reluctance of the magnetic path 1, in maxwells per gilbert, and 
52 = reluctance of the magnetic path 2, in maxwells per gilbert. 


16.6. Magnetic Network 

A magnetic system consisting of a magnetic network is shown in 
Fig. IS.SA. The analogous electrical network of the magnetic system 
is shown in Fig. 15.55; the magnetic network of this system is shown 
m Fig. 15.5C. The magnetic flux in the magnetic path 1 is given by 


4>i 


M(52 + Rs) 

R1R2 + 5i53 + 5253 
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where == total lines, in maxwells, m magnetic path 1 , 

M = magnetomotive force developed by the current In the coil, 
in gilberts, 

=s reluctance of the magnetic path 1 , in gilberts per maxwell, 
R 2 - reluctance ofthe magnetic path 2 , in gilberts per maxwell, and 
/?3 » reluctance of the magnetic path 3, m gilberts per maxwell. 
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Fig is S A magnetic system, eiectneal neiwotk and magnetic network of a magnetic 
network consisung of three circuits A The magnetic system the currentm thecoil 
M, the magnetomotive force developed because of the current in the coil dt, and <ij, 
the total lines in the three magnetic citc\m« Ri, R» and Rs. the rtluetanees in the three 
magnetic arcuits B The electrical network analogous <» the magnetic circuit t, the 
electromotive force analogous to the magnetomotive force >, the current analogous 
to the total magnetic lines rsi, rei and rgj, the electncd resistances analogous to the 
reluctances C The magnetic network M, the magnetOmoQve force, dj, do and ds> 
the total lines m three magnetic circuits Ri, Rs and Ri> the reluctances m the three 
magnetic circuits 


The magnetic flux in magnetic path 2 1 $ given by 

MR^ 

^ 1^2 ■f' "h 

where ^2 *= total lines, in maxwells in magnetic path 2 . 
The magnetic flux in magnetic path 3 is given by 
MK2 


where ^3 


d" R1R3 "h R2R3 

■ total lines, in maxwells, m path 3. 
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15.6. Magnetic Circuit with an Air Gap 
A magnetic circuit with an air gap is shown in Fig. 15.6. The reluc- 
tance of an air gap is given by 


Ri 


/ 
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where i?i = reluctance, in gilberts per maxwell, 

/ = length of the air gap in the direction of the flux, in centi- 
meters, and 

A = area of the air gap, in square centimeters. 
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Fig. 1 S. 6 . The magnetic system and magnetic network of a magnetic circuit with an air 
gap. In the magnetic system and magnetic circuit: the current in the coil. iW, the 
magnetomotive force due to the current in the coil. 0i, the magnetic lines in the iron 
circuit. 1^, the magnetic lines in the air gap. ^ and <#14, the magnetic lines due to 
leakage. i?i, the reluctance of the iron circuit. the reluctance of the air gap. i?3 
and jR 4, the reluctances of the leakage paths. 


The magnetic permeability of the air gap is unity. 

In the system of Fig. 15.6 there are four paths, namely, the iron 
path 1, the air-gap path 2 and the magnetic-leakage paths 3 and 4. The 
air-gap flux is given by 

MR3R4 

<#,2 — 15.12 

RiCRaRs + R2R4 + R3R4 + R2R3R4 


where <^>2 = total lines, in maxwells, in the magnetic path 2 and 

Ri, i? 2 j Ra and = reluctances of the magnetic paths 1, 2, 3 and 4, in 
gilberts per maxwell. 


The leakage reluctance can be computed by approximations as depicted 
in Fig. 15.7. The reluctance of the incremental lengths and the in- 
cremental areas may be computed approximately as follows: The reluc- 
tance of the air path between the area A 2 and As is given by 


R23 — 


24 


■23 


(^2 + ^ 3 ) 


15.13 


where R 23 = reluctance between the areas As and As, in gilberts per 
maxwell, 

/23 = length of the magnetic path between the areas As and 
As, in centimeters, and 

As and As ~ cross-sectional areas at the ends of the path / 23 , in 
square centimeters. 
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By following the computation of the magnetic path hz the other paths 
hz and Isi may be computed. The resultant reluctance is the sum of 
the reluctances of the paths in series as 



follows: 

Rti = i?i2 + .^23 + Rzt 15.14 
where Rn = total reluctance of 

the paths /j2, hz 
and Izi, and 

Aa. ^23 and i?34 « reluctances of the 
paths hi, hz and 

/ 34 - 

In the case of a number of paths of 
the type shown m Fig 15.7 in parallel, 
the resultant reluctance of the parallel 


Fiq 15 7. Magn«Bc circuit with 
Tiriable elements of C70ss.sec. 
tional area and variable elements 
of length. 


paths is given by 


_ 1 _ 

Rt 


Rti Rt2 


1 

Rtz"" 15.15 


Where the reluctance Rt\ is given by equation 15 14, and Rrzt Rtz and 
so forth are reluctances of other parallel magnetic flux paths determined 
in the same manner as that employed in equation 15.H. 


16.7. Magnetic Circuit with a Permanent Magnet 
The magnetic system of Fig. 15.8 is the same as that of Fig 15.6 save 



Fic. 15 8. The magnedc system and magnedc network of a magnetic circuit with an air 
gap and energized by a permanent magnet. la the magnetic system and magnetic 
esremt. hi, the magnetomotive force of the permanent magnet. the magnetic lines 
in the iron arcuit. the magnetic lines in the air gap. ^3 and $4, the magnetic lines 
due to leakage. the reluctance of the iron arcuit the reluctance of the air gap. 

Ri and Ri> the teluctances of the leakage paths. 

that a permanent magnet is used instead of the electromagnet. The 
magnetomotive force developed by a permanent magnet is given by 
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M= HI 15.16 

where M = magnetomotive force, in gilberts, 

H = demagnetizing force, in oersteds, and 
/ = length of the permanent magnet. 

The demagnetizing force H can be obtained from the characteristics 
of Fig. 15.9. The induction in gausses represents the magnetic flux 



Fig. 15.9. Demagnetization and energy characteristics of permanent magnet materials. 
I. Alnico I. II. Alnico II. III. Alnico III. IV. Alnico IV. V. Alnico V. VB. Alnico 
VB. VI. 36 per cent cobalt. 

density in the permanent magnet. The average flux density in gausses 
in the magnet is the total flux <#>i, in maxwells, divided by the cross- 
sectional area of the magnet in square centimeters. The demagnetizing 
force //, in oersteds, corresponding to this flux density can be obtained 
from Fig. 15.9. The magnetomotive force M, in gilberts, supplied by 
the permanent magnet is the product of the demagnetizing force in 
oersteds, and the length of the magnet in centimeters. 

16.8. Balanced Armature Magnetic System 

A balanced armature magnetic system of the type shown in Fig. 15.10 
IS used for the transducer in the magnetic microphone or the magnetic 
phonograph pickup. When the magnetic flux through the coil sur- 
rounding the armature varies with respect to time, a voltage is induced 
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in the coil Therefore, the important consideration is the magnetic flux 
through the armature The reluctance of the iron path is very small 



I 

COIL 


3 
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Flo 15 10 The magnetic system, coil and magnetic network of a balanced armature 
transducer In the magnetic system and magnetic network Af, the magnetomotive 
force of the permanent magnet ^ and 4n, the magnetic lines in the air gaps 

Ri, Rs and R 4 , the reluctances of the air gaps 4>i, the magnetic lines through the 
armature 


and may be neglected Under these conditions the only reluctances 
under consideration are those representing the air gaps The magnetic 
flux through the armature is given by 

1517 

(S, + RMRt + (R, + R4)RiR! 

where ^5 = total lines through the armature, m maxwells, 

and 

Ri, Rj, R3 and R* = reluctances of the air gaps in Fig 15 10 , in 
gilberts per maxwell 

Referring to equation 15 17 , jt will be seen that if R2R3 — R1R4, there 
will be no flux through the armature This is the balanced condition 
However, if the armature is rotated about the point 0 , there will be a 
magnetic flux in the armature determined by the difference of R2R3 and 
RiRa 

16 9. Practical Considerations 

In general, m the design of magnetic structures considerable ex 
perimental work is required because m most cases it is very difficult to 
predict the performance by theoretical analysis alone For example, 
measurements of the air gap flux density, the leakage flux and the flux 
density in various parts of the magnetic circuit can be made by means 
of a calibrated fluxmeter and a loop or coil The air gap flux density 
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can be obtained by means of a calibrated coil and fluxmeter. The flux 
in any part of the magnetic circuit can be obtained by placing a loop 
of one or more turns around the section to be tested, the loop being 
connected to the fluxmeter. This coil is then pulled out to a point where 
there is no flux. The flux can be obtained from the deflection and 
calibration of the fluxmeter and the number of turns in the coil. From 
these measurements, data can be obtained which will give the total flux, 
the leakage flux, the air-gap flux and the flux density in the iron and 
permanent magnet structure. These data together with the equations 
and data in the preceding considerations will indicate the direction of 
improvement from the standpoint of air-gap flux density, leakage flux 
and optimum cross section of the iron and permanent magnet. 
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Abampere, 8 
Abohm, 10 
Abvolt, 6 
Acceleration, 6 
Active, 

machine, 14, 202 
system, 14 
transducer, 14 
Acoustical, 

capacitance, 12, 23, 24, 27, 29, 68, 82 
impedance, 11, 29, 38 
narrow slit, 20 
ohm, 12, 29 
reactance, 12, 29 
resistance, 12, 29, 41 
system, 13, 31, 43, 48 
noise, 204 
transformer, 94 
wave filter, 98 
Acoustomotive force, 8, 41 
effective, 8 
instantaneous, 8 
maximum, 8 
peak, 8 
Air load, 253 
Air gap, 264 

Amplifier, feedback, 218 
action, 218 
distortion, 220 
noise, 220 

Angular velocity, 9, 27, 29, 38 
effective, 9 
frequency, 6 
instantaneous, 9 
maximum, 9 
momentum, 7 
peak, 7 

Applications, 187 


Arbitrary force, 126 
Automobile, 
muffler, 187 
suspension system, 195 

Balanced armature, 140, 163, 267 

Basic frequency, 5 

Blocked electrical impedance, 132 

Calibration, microphone, 222 
Capacitance, 

acoustical, 12, 23, 24, 27, 29, 41, 68, 
82 

electrical, 10, 23, 26, 27, 28, 39, 66, 
74 

mobility, 234 

Capacitive coupled systems and anal- 
ogies, 51 

Centimeter per second, 9, 27, 28, 237 
Circuit, 
electrical, 2 
magnetic, 259 
Clipper, electric, 189 
Coercive force, 258 

Compliance, 11, 23, 24, 26, 27, 28, 29, 
66, 67, 81, 83, 233, 235 
rectilineal, 11, 23, 26, 27, 28, 66, 81, 
83, 233, 235 

rotational, 11, 24, 26, 27, 29, 67, 81, 
83 

Conservation, 
energy, 16 
momentum, 16 
Constant speed system, 223 
Corrective networks, 58 
resistance, 91 
series, 91 
shunt, 92 
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Corrective networks (Cont ) 

“T type, 93 
' ir" type, 93 
senes, 77 

capacitance and analogies, 80 
inductance and analogies, 78 
inductance and capacitance in 
parallel and analogies, 84 
inductance and capacitance m 
senes and analogies, 82 
resistance, inductance and capaci- 
tance in parallel and analt^es, 
89 

resistance, inductance and capaci 
tance m senes and analogies, 86 
shunt, 62 

capacitance and analogies, 66 
inductance and analogies, 64 
inductance and capacitance m 
parallel and analogies, 70 
inductance and capacitance m 
series and analogies, 68 
resistance, inductance and capaci 
tance in parallel and analogies, 
75 

resistance, inductance and capaci 
tance in senes and analogies, 
73 

Coupled systems and analogies, 51 
Cubic centimeter per second, 9, 27, 29 
Current, 8, 27, 18, 37 
effective, 8 
instantaneous, 8 
maximum, 8 
peak, 8 

Cutter, feedback, 224 
Cycle, 5 

D’AIetnberfs pnneiple, 16, 39 
Damping, 6 
Decay rate, 16 
Deabd, 15 

Definitions, 4, 233, 257 
Differential gear tram, 61 
D^rees of freedom, 14 
one, 31 


Degrees of freedom (Cent ) 
three, 43, 54 
two, 43 

Dimensions, 26, 27, 28, 29, 30 
Direct radiator loudspeaker, 190, 253 
Displacement, 6 
Dissipation, 35, 45 
Distortion, 14 
dynamical system, 206 
sound reproducing system, 206 
Dnving systems, 130, 249 
electrodynamic, 130, 249 
electromagnetic, 132 
electrostatic, 144, 251 
magnetostriction, 147 
piezoelectric, JS4 
polarized balanced armature, 140 
polarized reed armature, 136 
unpolarized armature, 133 
Duhamel s integral, 126 
Dynamic, 
microphone, 197 
pickup, 200 
Dyne, 7 

Dyne centimeter, 7 

Dyne per square centimeter, 8 

Effeebve, 

acoustomotive force, 8 
angular velocity, 9 
current, 8 

electromotive force, 6 
forec, 7 

mechanomotive force, 7 
rotatomotive force, 7 
sound pressure, 8 
torque, 7 
velocity, 9 
volume current, 9 
Electrical, 
abohm, 10, 28 

capacitance, 10, 23, 26, 27, 28, 30, 
68, 82 

impedance, 10, 29, 38 
blocked, 132 
motional, 132 
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Eiectricalj impedance (Cant.) 
noise, 204 
normal, 132 
ohm, 10, 28 
reactance, 10, 28 
resistance, 10, 28 
system, 12, 31, 43, 47 
transformer, 94 
wave filter, 98 
Electric clipper, 189 
Electrodynamic, 
driving system, 130 
generating system, 159 
Electromagnetic, 
driving system, 132 
polarized balanced armature, 140, 
267 

polarized reed armature, 136 
unpolarized armature, 133 
generating system, 161 
balanced armature, 163, 267 
reed armature, 161 
Electromotive force, 6, 28, 39 
effective, 6 
instantaneous, 6 
maximum, 6 
peak, 6 

Electronic feedback amplifier, 218 
action, 218 
noise, 220 

nonlinear distortion, 220 
Electrostatic, 
driving system, 144, 251 
generating system, 164 
Element, 12, 18, 25, 26, 27, 28, 29, 236 
acoustical, 12, 19, 22, 24, 25, 26, 27, 
29 

electrical, 12, 18, 21, 23, 25, 26, 27, 
28 

mechanical rectilineal, 12, 19, 21, 23, 
25, 26, 27, 28 

mechanical rotational, 12, 19, 21, 24, 
25, 26, 27, 29 

mobility, 233, 234, 235, 236 
Energy, 13 

conservation, 16 


Energy (Cent.) 
kinetic, 13, 33, 44 
potential, 13, 34, 45 
Engine governor, 215 
Epicyclic gear train, 60 
Equation, Lagrange, 46 
Equation of motion, 36, 46 
Excitability, 233, 234, 237 
Excitation, 6 

Faraday’s law, 16 
Feedback, 210 
action, 212 
amplifier, 218 
control system, 210 
cutter, 224 
pickup, 226 

Filters, wave (see wave filters) 
Flux, magnetic, 258 
Force, 7, 27, 28, 40, 237 
acoustomotive, 8, 41 
arbitrary, 126 
effective, 7 

electromotive, 6, 28, 39 
instantaneous, 7 
maximum, 7 
mechanomotive, 7, 40 
peak, 7 

rotatomotive, 7, 39 
Frequency, 5 
basic, 5 

fundamental, 5 
resonant, 38 

Gauss, 258 
Gear train, 60, 61 
Generating systems, 159 
electrodynamic, 159 
electromagnetic, 161 
balanced armature, 163 
reed armature, 161 
electrostatic, 164 
magnetostriction, 168 
piezoelectric, 171 
Gilbent, 258 
Governor, engine, 215 
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Harmonics, 5 

Heaviside Operational Calculus, 112 
Hot air heating system, 201 
Hydraulic regulator, 214 

Impedance, 
acoustical, 10, 29, 38 
electrical, 10, 29, 38 
blocked, 132 
motional, 132 
normal, 132 

mechanical, 10, 28, 29, 38 
mechanical rectilineal, 10, 28, 38 
mechanical rotational, 11, 29, 38 
parallel, 58 
rotational, 11, 29, 38 
Inductance, 10, 21, 25, 26, 27, 28, 68, 
82, 84, 86, 89 
Induction, 
magnetic, 258 
intrinsic, 258 

Inductive coupled systems and anal* 
ogles, 51 

Inertance, 12, 22, 25, 26, 27, 29, 80 
Inertia, moment of, 11, 21, 27, 29, 65, 
79 

Instantaneous, 
acouatomotive force, 8 
angular velocity, 9, 29, 38 
electromotive force, 6 
force, 7 

mechanomotive force, 7 
rotatomotive force, 7 
sound pressure, 8 
torque, 7 
velocity, 9 
volume current, 9 

Instrument, shock proof mounting, 194 
Integral, Duhamel’s, 126, 128 
Introduct on, 1 

Joule effect, magnetostriction, 148 
Joule’s law, 16 

Hmetic energy, 13, 33, 44 
Kirchhoff’s law, 17, 39 


Lagrange’s equations, 16, 46 
Law, 

Faraday’s, 16 
Joule’s, 16 
Kjrchhoff’s, 17, 39 
Lena’s, 16 
Newton’s, 16 
Ohm’s, 16 
Leakage, 
magnetic, 258 
coefficient, 258 
Lena’s law, 16 
Level, 14 
noise, 15 
overload, 15 
power, 15 
signal, 14 
Line, 58. 62, 77 
mi^netic, 258 
Loud speaker, 190, 253 

Machine, 13, 202 
active, 14, 202 
passive, 13, 202 
reversible, 14 
unilateral, 14 

vibration isolator, 192, 230 
Magnetic, 
analogy, 257 
balanced armature, 267 
arcuit, 259 
senes, 263 
air gap, 264 
definitions, 257 
flux, 257 
force, 257 
materials, 261, 262 
network, 263 
pennanent magnet, 266 
practical considerations^ 268 
quantities, table, 260 
Magnetomotive force, 257, 261, 266 
Magnetostnction, 
driving system, 147 
generating system, 168 
Mass, 11, 21, 25, 26, 27, 28, 233, 234 
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Materials, magnetic, 262 
Maximum, 

acoustomotive force, 8 
angular velocity, 9 
current, 8 

electromotive force, 6 
force, 7, 40 

mechanomotive force, 7 
rotatomotive force, 7 
sound pressure, 8 
torque, 7 
velocity, 9 
volume current, 9 
Maxwell, 258 
Mechanical, 

impedance, 10, 28, 29, 38 
ohm, 10, 28 
reactance, 11, 28, 29 
rectilineal, 

excitability, 233, 234 
impedance, 10, 28, 29, 38 
mobility, 233, 237 
responsivity, 233, 234, 237 
rectilineal reactance, 11, 28 
rectilineal resistance, 10, 19, 28, 40 
rectilineal system, 12, 31, 43, 47 
rectilineal wave filters, 98 
resistance, 10, 19, 28, 29, 40 
rotational impedance, 11, 29, 38 
rotational reactance, 11, 29 
rotational resistance, 11, 19, 29, 41 
rotational system, 13, 48 
rotational wave filters, 98 
system, 12, 13, 31, 43, 47, 48 
transformer, 94 

Mechanical refrigerator vibration iso- 
lator, 193 

Mechanomotive force, 
effective, 7 
instantaneous, 7 
maximum, 7 
peak, 7 
Mho, 233 
Microphone, 197 
calibrating system, 222 


Mobility, 232, 237 
capacitance, 234, 237 
driving system, 249 
elements, 236 
inertia, 235, 237 
loudspeaker, 253 
one degree of freedom, 238 
representation of elements, 236 
three degrees of freedom, 245 
transformer, 245 

Moment of inertia, 11, 21, 27, 29, 65, 
79 

Momentum, 6, 237 
conservation, 16 

Motional electrical impedance, 131, 
132 

Muffler, automobile, 188 

Narrow slit, 20 

Networks, 2, 58, 131 (see corrective 
networks) 
acoustical, 58, 131 
electrical, 58, 131 
magnetic, 263 

mechanical rectilineal, 58, 131 
mechanical rotational, 58, 131 
resistance corrective, 91 
series corrective, 77 
shunt corrective, 62 

Newton’s laws, 16 

Noise, 202 
acoustical, 204 
dynamical, 204 
electrical, 205 
level, 15 
mechanical, 205 
random, 14 
reducer, 227 
white, 14 

Nonlinear, 
distortion, 203, 206 
system, 14 

Normal electrical impedance, 132 

Octave, 5 

Oersted, 258 
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Ohm, 

acoustical, 12, 29 
electrical, 10, 28 
mechanical, 10, 28 
rotational, II, 29 
Ohm’s law, 17 

One degree of freedom, 31, 238 
acoustical, 31 
electrical, 31 

mechanical rectilineal, 31 
jTTCiciVfiWJi’ 3i 

Operational Calculus, Heaviside, 112 
Overload, 14 
level. 15 

Parallel, 

impedances, 58, 70, 75 
acoustical, 58, 70, 75 
electrical, 58, 70, 75 
mechanical rectilineal, 58, 70, 75 
mechanical rotatomotive, 58, 70, 
75 

Passive, 

machine, 13, 202 
system, 13 
transducer, 13 
Peak, 

acoustomotive force, 8 
angular velocity, 9 
current, 8 

electromotive force, 6 
force, 7 

mechanomotive force, 7 
rotatomotive force, 7 
sound pressure, 8 
torque, 7 
velocity, 9 
volume current, 10 
Period, 5 

Periodic guantily, 4 
Permanent magnet, 266 
materials, 267 
Permeability, 259, 261 
Phonograph pickup, 
dynamic, 200 
feedback, 226 


Piesoelectnc, 
driving system, 154 
generating system, 171 
type network, 93 
Planetary gear tram, 60 
Potential energy, 13, 34, 45 
Power, 13, 27, 28, 29, 237 
level gam, 15 
steering, 217 
Pressure, 7 
sound, S, 27, 29 
effective, 8 
instantaneous, 8 
maximum, 8 
peak, 8 
static, 8 
Publications, 17 

Quartz crystal, 154, 171 

Radian per second, 9 
Reactance, 
acoustical, 12, 29 
electrical, 10, 28 
mechanical, 11, 28, 29 
mechanical rectilineal, 11, 28 
mechanical rotational, 11,29 
rotational, 11, 29 

Rcaprocity theorems (see theorems) 
Relaxation time, 16 
Reluctance, 257, 261 
Resistance, 

acoustical, 12, 19, 29, 41 
electrical, 10, 18, 28, 39 
mechanical, II, 19, 28, 29, 40, 41 
mechanical rectilineal, 11, 19, 28, 40 
mechanical rotational, 11, 19, 29, 41 
mobility, 234 
networks, 91 

12, 29, 29 

Response, 5 

Rcsponsivity, 233, 234, 237 
Resonant frequency, 38 
Reversible, 
machine, 14 
system, 14 
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Reversible (Cont.) 

transducer, 14 
Rotational, 

compliance, II, 23, 24, 27, 29, 67, 81 
impedance, 11, 29, 38 
ohm, 11, 29 
reactance, 11, 29 
resistance, 11, 19, 29, 41 
system, 13, 31, 43, 48 
vibration damper, 191 
Rotatomotive force, 7, 41 
effective, 7 
instantaneous, 7 
maximum, 7 
peak, 7 

Series corrective networks (see correc- 
tive networks) 

Shock proof instrumen t moun ting, 1 94 
Shunt corrective networks (see correc- 
tive networks) 

Similarity theorem, 185 
Slit, 20 
Sound, 
reducer, 227 

reproducing system, 206 
distortion, 202, 206 
noise, 202, 204 
Sound pressure, 8, 27, 29, 41 
effective, 8 
instantaneous, 8 
maximum, 8 
peak, 8 

Static pressure, 8 

Steady state, 6 

Steering, power, 217 

Stiffness, 24, 34 

Stimulus, 6 

Subharmonic, 5 

Superposition theorem, 185 

Suspension systems, automobile, 195 

System, 12 

acoustical, 13, 31, 43, 48 
active, 14 

constant speed, 223 
coupled, 51 


System (Cont.) 
distortion, 202, 206 
acoustical, 206 
electrical, 206 
mechanical, 206 
sound reproducing, 206 
electrical, 12, 31, 43, 47 
feedback, action, 212 
mechanical rectilineal, 12, 31, 43, 47 
mechanical rotational, 13, 31, 43, 48 
microphone calibrating, 222 
noise, 204 

acoustical, 204 
electrical, 205 
mechanical, 205 
sound reproducing, 206 
nonlinear, 206 
one degree of freedom, 31 
passive, 13 
reversible, 14 

three degrees of freedom, 54, 245 
transmission, 13 
two degrees of freedom, 43 
unilateral, 14 

Table, 27, 28, 29 
quantities, 
acoustical, 27, 28, 29 
electrical, 27, 28, 29, 237, 260 
magnetic, 260 
mechanical, 27, 28, 29 
mobility, 237 
Theorems, 177 
reciprocity, 177 
acoustical, 179 

acoustical-mechanical-electrical- 
mechanical-acoustical, 184 
electrical, 177 
electrical-mechanical, 182 
electrical-mechanical-acoustical, 
183 

electrical-mechanical-acoustical- 
mechanical-electrical, 183 
mechanical-acoustical, 191 
mechanical rectilineal, 178 
mechanical rotational, 179 
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Theorems (Conf ) 
similarity, 185 
superposition, 185 
Thevenm’s, 184 
acoustical, 184 
electrical, 184 
mechanical rectilineal, 184 
mechanical rotational, 184 
Three degrees of freedom, 43, 54, 245 
Torque, 7, 27, 29, 41 
effective, 7 
instantaneous, 7 
maximum, 7 
peak, 7 

Transmission, 13 
system, 13 
Transducer, 13 
active, 14 
passive, 13 
reversible, 14 
unilateral, 14 
Transformer, 94 
acoustical, 94 
electrical, 94 

mechanical rectilineal, 94 
mechanical rotational, 94 
mobility, 245 
Transient response, , 
electrical resistance and electncal 
capacitance in senes and anal 
ogles, 117 

electncal resistance, inductance and 
electrical capacitance m senes 
and analogies, 120 
inductance and electrical resistance 
in senes and analogies, 113 
Transients, III 
arbitrary force, 126 
Duhamel s integral, 126, 128 
Heavisides Calculus, 112 
unit function, 112 
Transmission, 
gain, 15 
loss, 15 
system, 13 


“T" type network, 93 
Two degrees of freedom, 43, 51 

Umlateial, 
machine, 14 
system, 14 
transducer, 14 
Unit function, 112 
Units, 26, 27, 28, 29, 30 

Velocity, 6, 8, 27, 28, 37, 237 
angular, 9, 29 
effective, 9 
instantaneous, 9 
linear, 8, 28 
maximum, 9 
peak, 9 
Vibration, 6 
machine isolator, 192 
mechanical refrigerator isolator, 193 
reducer, 230 
rotational damper, 191 
Villan effect, magnctostnction, 149 
Volume current, 9, 27, 29, 38 
effective, 9 
instantaneous, 9 
maximum, 9 
peak, 10 

Wave, 5 
Wave filters, 
band elimination, 98, 107 
band pass, 98, 103 
high pass, 98, 101, 248 
low pass, 98, 100, 246 
response characteristics, 99, 100, 
102, 104 
Wavelength, 5 
Work, 13 

“X”cut quartz crystal, 154 

Young's modulus, ISO, 152, 153, 155, 
156, 157, 169, 171, 173 



